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Part 1

Extremal Set Theory

FExtremal set theory is the study of extremal problems for finite sets. Notable examples include:

e (Intersecting Families) What is the maximum size a collection of sets F can have if
FNE #0foral F,F' € F?

e (Antichains) What is the maximum size a collection of sets F can have if FF Z F” for all
distinct F, F' € F?

These problems reflect the most basic operations and relationships that one can have between
pairs of sets, namely intersections (equivalently unions) and containment. Of course, the answer
to both questions is “infinite” if one allows arbitrary sets, and as such we typically impose
conditions on F to obtain interesting problems.

Main Definitions. The central objects of study in extremal set theory are set systems, which
are just collections of sets. We will typically denote set systems by F. For example, F =
{{1,2,3},{0}, {*,9}} is a set system. We will refer to the sets in a set system as either sets,
edges, or hyperedges and we use notation like F' € F to denote them; for instance both {1, 2,3}
and {OJ} are edges of the previous example. The elements of an edge of a set system will be
referred to as vertices or elements and denoted as lower case letters like 7, v, or x depending
on context; for instance both 3 and * are vertices of the previous example. We say that a set
V' is a ground set or vertex set for a set system F if every vertex of F lies in V; for instance
{1,2,3,9,0, %} is a ground set for the previous example, as is N U {[J, }.

Most of the problems we consider will involve bounding set systems with ground sets of a given
size n, for which it is often convenient to consider the ground set to be the first n integers. For
a positive integer n we write [n] := {1,2,...,n} (the symbol [n] is typically read as “bracket
n”). We let 2"l denote the set of all subsets of [n], and let ([Z}) denote the set of all subsets of
[n] of size r. Almost all of the set systems we consider will either be of the form F C 2" or
F C ([’:}) for some integers n,r, and in this latter case we say that F is r-uniform or simply
uniform if we do not specify the value of r.

Perspectives on Set Systems. There are several ways to visualize set systems with different
perspective leading to different problems to consider. Perhaps the simplest is the hypergraph
perspective: we draw a point for each element of the ground set of F, and then for each F' € F
we draw a blob which contains exactly the elements of F

Another way is the Boolean lattice persepective. For this, imagine (but do not draw) n + 1
horizontal lines stacked on top of each other. Along the ith imaginary line, make (:1) dots
and label them by each subset of [n] of size i — 1. Then between lines i and ¢ + 1, draw a
line between any two dots labeled by sets A, B with A C B. The picture we have just draw is
something called the Hasse diagram for the Boolean lattice, which is a special kind of poset.
With this, we can view any set system F C 2" as a subset of the dots of the Boolean lattice,
namely the dots which are labeled by an element of F. Drawing things in this way has the



feature that one can visually determine if two elements of F are contained in one another: you
just have to check if there is a vertical path in the Boolean lattice from one set to another.

The dots and lines we drew for the Boolean lattice can be interpreted as a graph, and it is not
difficult to see that this graph in fact the n-dimensional hypercube, that is, the graph whose
vertex set is bit strings of length n where two strings are adjacent if they differ in exactly 1
vertex. Indeed, this correspondence can be seen be replacing each set A which we used to label
the dots of the Boolean lattice and replacing it with its charcteristic vector, which is the bit
string w with w; = 1 if and only if 7 € A. In this way we can view set systems as sets of vertices
of the hypercube graph, giving us the perspective of the Boolean cube for thinking about how
to visualize set systems.

These three perspectives for visualizing set systems (hypergraphs, elements of a poset, and
vertices of a graph) each lend themselves to different types of problems, and we will see examples
of each of these in the coming chapters.

Comparing with Extremal Hypergraph Theory. Readers familiar with hypergraphs
may recognize that set systems are simply hypergraphs, and as such technically the area of
extremal set theory should be the same as the area of extremal hypergraph theory. In practice
though there are significant culture differences between these two areas. For example, extremal
hypergraph theorists tend to consider a problem solved if it is solved for large n, while extremal
set theorists often care quite a bit about solving the problem for all n. Similarly hypergraph
theoristis tend to look at generalizations of graph theory problems which are less natural to
state in set theoretic language (e.g. how many edges can a hypergraph without containing a
“cycle of length 6”7) wheras the problems considered by extremal set theorists tend to be
trivial for graphs (e.g. how many edges can a hypergraph have if every two edges intersect?).

Other Resources. Much of these notes are inspired by Frankl and Tokushige’s book Eztremal
Problems for Finite Sets which gives a much deeper dive into the topic than we do here, as
well as excellent notes by Liu. The reader may also enjoy Junka’s Extremal Combinatorics
especially if they are interested in connections with theoretical computer science.

Asymptotic Notation. Eventually in the text it will be convenient for us to use the following
asymptotic notation which we record here for ease of reference.

Let f(n),g(n) be two functions.

e We write f(n) = O(g(n)) if there exists a constant C' > 0 such that f(n) < Cg(n) for all
n.

o We write f(n) = Q(g(n)) if there exists a constant ¢ > 0 such that f(n) < cg(n) for all n.

e We write f(n) = O(g(n)) if f(n) = O(g(n)) and f(n) = Q(g(n)). In this case we say that

f, g have the same order of magnitude.

e We write f(n) = o(g(n)) if lim, g(—") = 0. In particular, writing f(n) = o(1) means

(n
lim,, o f(n) =0.

—
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1 Antichains and Posets

1.1 Sperner’s Theorem

What is generally considered to be the first paper in extremal set theory is Sperner’s Theorem
from 1928 on antichains, which is the main topic of this chapter.

Definition 1. A set system F is an antichain (also sometimes called Sperner) if it does not
contain F, F' € F with FF C F".

That is, no two elements of an antichain contain one another. The extremal question we want
to ask is: how large can an antichain F C 2" be?

One simple construction is to take F to be all the sets of size k for some integer k, which is
trivially an antichain of size (). This size (}) is maximized when k = [n/2] or k = [n/2], i.e.
when F is a “middle layer of the Boolean lattice.” Sperner’s Theorem states that this simple
construction is the best one can do.

Theorem 1.1 (Sperner’s Theorem). If F C 2" is an antichain, then |F| < (Ln72j)'

We will see a few proofs of Sperner’s Theorem in these notes, beginning with a relatively simple
combinatorial argument.

Proof. Our proof will work by showing that 2" has a “symmetric chain decomposition.” We
say that a collection of sets {Fy, Fii1,..., Fo_i} C 2" is a symmetric chain if F, C Fpy1 C
-+ C F,_j and if |F;| =4 for all . From the Boolean lattice perspective, a symmetric chain is
a vertical line which is symmetric about the middle of the Boolean lattice. A symmetric chain
decomposition is a partition of 2" into disjoint symmetric chains.

Claim 1.2. To prove the theorem, it suffices to show 2" has a symmetric chain decomposition.

Proof. Say there was a decomposition into non-empty symmetric chains Cy, ..., C; and consider
any antichain F C 2", Observe that |F N C;| < 1 for all i, since if F contained two elements
of a chain then it would contain two elements which are comparable, contradicting F being an
antichain. Since the C; partition 2" it follows that

Fl=>|Fnc|<> 1=t

1

On the other hand, we claim that we must have ¢t = ( Ln7/lQ J)' Indeed, by definition every non-

empty symmetric chain must contain exactly 1 element from (U% J)’ and since the C; partition

2" there must be exactly (I_n72 j) of them. This implies ¢t = (LnT/L2 J), giving the bound. ]

Playing around with small n suggests that 2" should indeed have a symmetric chain decompo-
sition for all n, but it is not immediate how to construction such a decomposition in a systematic
way. We resolve this by considering a clever inductive construction.



For n = 0 the single chain {(}} forms a symmetric chain decomposition. Assume inductively

that Cy,...,C; is a symmetric chain decomposition for 2(*~1. For each C; = {F,..., F,_1_}
we define C, = {Fy,..., F,_ 1 ks Frno1-1 U {n}}, and if we further have |C;| # 1 then we also
define C!' = {Fk U{n},..., FhorU{n}}. It is not difficult to check that C/,C! are symmetric

chains of 2" since C; was for 2= Moreover, each element F' € 2"~ appears in exactly one
of the C/ sets (namely the one with ' € C;) and no C/ set, and similarly each element F € 20"
containing n is contained in exactly one C; or C! set (a C; set if F'\ {n} was a top element of
some C; and otherwise the C!" with F'\ {n} € C;). We conclude that this is a symmetric chain
decomposition, giving the result. O

Sperner’s Theorem shows up in a variety of mathematical contexts. For example, it can be
used to solve a seemingly unrelated probability problem.

Recall that a Rademacher random variable is a random variable X satisfying Pr[X = 1] =

Pr[X = —1] = 4. An old problem of Littlewood and Offord asks: if ay, ..., a, are non-zero real
numbers and if X7, ..., X, are independent Rademacher random variables, then how large is
supPr[ ) a;X; =7r]?
Pl

That is, how likely is the likeliest outcome to be. Problems like this show up in random matrix
theory and can be viewed as an anticoncentration problem.

The exact answer to this problem depends on the choice of the a;. For instance, if a; = 2¢ then
this supremum is 27" which is the lowest this probability could be. If instead a; = 1 for all ¢

and n is even then
X — — n —-1/2
Pr] g a;X; =0] = (n/2>2 =0(n/7),

and if n is odd then Pr[> a;X; = 1] = <L /2j)2 ™. It turns out that this is the largest this
probability can be.

Theorem 1.3 (Erdés). If aq,...,a, are non-zero real numbers and if Xy,..., X, are indepen-
dent Rademacher random variables, then

sup Pr Zal i=1] < (UZ;ZJ)Qn.

reR

Proof. Proving this is equivalent to proving that the number of assignments of the X; variables
with Y a;X; = r is at most (L /o J) As this bound suggests, we will show this by associating

each assignment to a subset of 2[") and then show that this collection of subsets is an antichain.
To do this, we note by the symmetry of the problem we may assume a; > 0 for all 7.

Fix some real number r. Let F C 2"l be the collection of sets F' with the property

E a; — E Clj:T',

ieF j¢F

and observe Pr[> " a;X; = r] = |F|27" since ) ;X; = r happens if and only if {i : X; = 1} € F.



We claim that F is an antichain. Indeed, assume for contradiction that there existed F' C F’
both in F. Crucially, because we assumed each a; is positive we find

r:Zai—Zaj<Zai—Z:T,

i€F j¢F iCF JEF

a contradiction. We conclude that F is an antichain and hence by Sperner’s Theorem,

Pr[> " aX, =] = |F27" < (UZ;QJ)Q‘”.
O

We emphasize that the positivity assumption on the a; is essential for this proof to go through:
if for example a; = —a; for some 4, j, then for » = 0 we would have 0, {i, j} € F, destroying
the antichain property.

1.2 Posets and Dilworth’s Theorem

The term antichain comes from the study of posets. A partially ordered set (often referred to
as a poset for short) is a pair P = (X, <) where X is a set of elements of the poset and < is a
partial order on the element of X, which means it is a binary relation satisfying the following;:

o (Reflexivity) x <z for all x € X.
e (Antisymmetry) If z < y and y < x then z = y.
e (Transitivity) if z <y and y < z then x < z.

We emphasize that a partial order (unlike a total order) does not require all pairs of elements
of X to be comparable to one another. For a partial order we write x < y whenever x <y and

T #y.

For example, the main poset that we care about in these notes is the Boolean lattice which is
the poset P, = (2", C); that is the elements of the poset are subsets of [n] and the partial
order is defined by subset containment which one can easily check defines a partial order. There
are many other examples one could consider, such as the divisibility poset D,, = ([n],|) whose
elements are the integers 1 through n and the partial order is defined by one element being a
divisor of another.

We say two elements x,y of a poset are comparable if either z < y or y < z, and we say z,y are
incomprable otherwise. A chain of a poset is a set of elements {1, ...,x,} such that any two
elements are comparable (equivalently, one can reorder the elements so that z; < x;,1 for all
i), and an antichain is a set of elements {x1,...,z,} such that any two distinct elements are
incomparable. Note that an antichain for the Boolean lattice is a collection of sets such that
neither is contained in the other, thereby recovering our previous notion of what an antichain
is. One can thus ask the broader question: given a poset P, what is the size of its largest



antichain? We call this quantity the width of the poset P (since for the Boolean lattice this is
the width of the middle layer) and we denote this by w(P).

Looking to our proof of Sperner’s Theorem for inspiration, we see that if a poset P has a
“symmetric chain decomposition” with ¢ chains, then w(P) < t. What “symmetric” means for
a general poset is not so clear, but in fact a closer look shows that this symmetric condition is
not really needed to get a bound.

To this end, we say that a collection of disjoint chains Cy,...,C; of a poset P is a chain
decomposition of size t if every element of P appears in exactly one C;, and it is straightforward
to show that the existence of such a chain decomposition implies w(P) < t. There are many
possible chain decompositions for P, such as the trivial chain decomposition into chains of one
element {z}, and to get an effective bound we want to consider one of smallest possible size.
Surprisingly, this simple approach gives the best possible bound for every poset.

Theorem 1.4 (Dilworth’s Theorem). For every finite poset P, the mazimum size of an an-
tichain is equal to the minimum size of a chain decomposition.

Dilworth’s Theorem is an example of a “max-min” theorem where the maximum of some com-
binatorial quantity is equal to the minimum of another combinatorial quantity. A number of
results take this form, such as Hall’s Theorem and Konig’s Theorem from graph theory, and
some of the many proof of Dilworth’s Theorem work by making use of such results. The proof
we present is a clever combinatorial argument.

Proof. That the size of any chain decomposition upper bounds w(P) is straightforward to show.
What remains then is to argue that the maximum equals the minimum, i.e. that P contains a
chain decomposition of size (at most) w(P). As with Sperner’s Theorem, we prove this by a
careful inductive argument.

The result is trivially true if P has only one element, so assume we have inductively proven
the result up to some size and let P be a poset of this size. Consider a maximal element
m of P, that is, m is an element such that there exists no x with m < x; such a maximal
element exists because P is finite. Consider the poset P — m obtained by removing m. If
w(P — m) < w(P) then inductively one can find a chain decomposition of P — m using at
most w(P —m) < w(P) — 1 elements, which together with the trivial chain {m} gives a chain
decomposition of P of size at most w(P), proving the result.

As such, we may assume w(P — 1) = w(P) := t. Inductively this means there exists a chain
decomposition Cy,...,C; of P —m. Observe that every antichain of size t of P — m (of which
at least one exists since w(P — m) = t) must intersect each C; in exactly one vertex. To this
end, for each ¢ we let a; € C; denote the maximal element of the chain with the property that
it is contained in some antichain of size ¢t in P —m.

Claim 1.5. The set {aq,...,a;} is an antichain of P —m.

Proof. Assume for contradiction that we had, say, a; < a; for some ¢, j. By definition there exists
some antichain A; of size ¢ which contains a;, and also A; must intersect C; at some element a;.
If a < a; then we have a; < a;, a contradiction to A; being an antichain. Otherwise since C; is
a chain we must have a, > a;, a contradiction to a; being the maximal element with respect to
being contained in an antichain of size t. O

10



Now because w(P) = w(P —m), it must be that {m,ay,...,a;} is not an antichain. The claim
implies that m is comparable to some a;, and since m is maximal we must have a; < m. The
idea now is to try and use the chain

C'={m}U{cel :c<a}

in our decomposition, where we emphasize that this is a chain by our assumption a; < m. To
this end, consider the subposet P — C’.

We claim that w(P—C") <t = w(P). Indeed, we noted that every antichain A of P—m 2 P—_'
of size t uses an element from each C;, and in particular it uses some element a; € C;. By
definition of a; we must have a; < a; and hence a; € C. It follows then that any antichain of
size t of P —m is not contained in P —C’, so w(P —C') <t — 1.

From this last claim we can find a chain decomposition of P — C’ of size at most ¢ — 1, which

together with C’ gives a chain decomposition of P of size at most ¢, giving the result. m

Dilworth’s Theorem is a powerful tool in poset theory and beyond, with it being particularly
useful in the context of Ramsey-theoretic problems. Most of these applications come from the
following observation, where here we define the height h(P) of a poset P to be the length of a
longest chain.

Corollary 1.6. If P is a poset on n elements with height h(P) and width w(P), then
h(P)w(P) > n.
In particular, P has a chain or an antichain of size at least \/n.

Proof. By Dilworth’s Theorem there exists a chain decomposition Cy,. .., Cyp) for P, meaning

w(P)
n=>Y_[C|<wP)- max |C;| < w(P) - h(P).
=1

]

Corollary 1.6 is analogous to the graph Ramsey statement which says that every n-vertex
graph has either a clique or an independent set of size at least ©(logn). The logn term is best
possible for arbitrary graphs, but Corollary 1.6 suggests that significantly stronger bounds can
be obtained for graphs with additional structure. Indeed, we have the following.

Corollary 1.7. If G s an n-vertex comparability graph, meaning there exists a poset P =
(V(G), <) with x ~ y if and only if x < y; then G has a clique or independent set of size at

least \/n.

This follows from Corollary 1.6 together with the straightforward observation that chains in P
are exactly cliques in G and antichains are exactly independent sets. One place where additional
structure like that in Corollary 1.7 tends to pop up is in geometric settings. For example, we
have the following.

11



Proposition 1.8. If I, ..., I, are intervals in R, then there exist at least \/n of these intervals
which are either pairwise intersecting or pairwise disjoint.

This bound is best possible, as can be seen by considering Iy, ..., I, to consist of y/n copies of
some +/n disjoint intervals.

Proof. Define a graph G on Iy, ..., I, where I; ~ I; if and only if /; and I; are disjoint (this
is known as a disjointness graph). The proposition then is equivalent to showing G has either
a clique or independent set of size at least y/n, and by Corollary 1.7 it suffices to construct a
partial order on Iy, ..., I, which encodes the edges of G. One natural ordering is to have I; < I;
if I; lies entirely to the left of I,;, which one can check is a partial ordering after additionally
enforcing the reflexive condition I; < I; as part of the definition of <. In this case having
I; < I; or I; < I; guarantees that these two intervals are disjoint from each other, while I;, I;
being incomparable implies they intersect. It follows that G is the comparability graph for
P = (V(G), <), proving the result by Corollary 1.6. O

In practice it can often be too restrictive to consider graphs which are exactly comparability
graphs. By loosening this condition slightly we can still obtain (weaker) polynomial bounds.

Proposition 1.9. Let G be an n-vertex graph. If there are posets P, = (V(G),<1),..., Py =
(V(G), <q) such that x ~y if and only if there exists some i with either x <; y ory <; x, then

G contains either a clique or an independent set of size at least N

We leave the proof of this as an exercise and explain briefly how to use this to give a polynomial
bound for a higher dimensional analog of Proposition 1.8.

Theorem 1.10 (Larman-Matousék-Pach-Torécsik). If Cy,. .., C, are conver sets in R?, then
there exist n*/® of them which are either pairwise intersecting or pairwise disjoint.

Sketch of Proof. By considering the disjointness graph of C,...,C, together with Proposi-
tion 1.9, we see that it suffices to construct four partial orderings such that any two disjoint
C;, C; are comparable for at least one of these orders. This can be done with a bit of work. [

There are a number of followup questions one can ask at this point. The first is whether the
bound of n'/> can be improved. As far as we are aware this is still the best bound known for
this problem, with the best known construction showing that the bound can not exceed roughly
nloe)/1085) ~ 143 (the construction essentially comes from the fact that the iterated 5-cycle
graph can be realized as the disjointness graph of convex sets in R?).

Another immediate question is if one can generalize Theorem 1.10 to higher dimensions. Sur-
prisingly the answer is no: an old result of Tietze shows that every graph can be realized as
the intersection graph of convex sets in R?, which in particular means one can not find a clique
or independent set of size larger than the Ramsey bound ©(logn). One can, however, say
something more if we consider restricted classes of convex sets, such as boxes in R?, though we
omit doing so here.

We close by mentioning a dual version of Dilworth’s Theorem stated in terms of the height of
a poset rather than its width that can be useful in certain contexts.

12



Theorem 1.11 (Mirsky’s Theorem). If P = (X, <) is a finite poset of height h(P), then there
exists a partition of X into h(P) antichains.

While Mirsky’s Theorem and Dilworth’s Theorem are essentially duals of each other, as far as
we know there is no elementary way of deriving one from the other. Mirsky’s Theorem turns
out to be substantially easier to prove than Dilworth’s and we leave this as an exercise.

1.3 The LYM Inequality

An important refinement of Sperner’s Theorem is the LYM inequality, which is named after
Lubell, Yamamoto, and Meshalkin who all independently proved this same inequality.

Theorem 1.12 (The LYM Inequality). If F C 2" is an antichain, then

1
DEE
FeF (IF |)

The proof and intuition for this theorem will be deferred to next chapter as part of a broader

discussion of Katona’s circle method. Until then, we discuss a few of the many applications of
this result to problems on antichains.

As an initial observation, we note that the LYM inequality together with the fact that (Z) <
(Ln% J) immediately implies that every antichain F satisfies
1>y e P

FeF (IFI) (Ln/QJ)

and as such the LYM inequality gives a new proof of Sperner’s Theorem. With more work one
can use the LYM inequality to obtain a nice generalization of Sperner’s Theorem.

Theorem 1.13 (Erdés). If F C 2" contains no chain of size larger than t, then

n
A, (7).

TG( t ) reT

For example, when ¢ = 1 this says if F has no chain of size 2 (meaning it is an antichain),
then |F| < max, () = (Ln72 ), so the t = 1 case is exactly Sperner’s Theorem. The bound
for general ¢ is best possible i)y considering F to be the ¢ largest layers of the Boolean lattice
which trivially has no chain of size larger than ¢.

Proof. By Mirsky’s Theorem, any F as in the theorem is equal to the union of ¢ antichains
Fi,...,F. By the LYM inequality it follows that

1 ! 1

It is not difficult to show that this inequality can only hold if |F| is at most the size of the ¢
largest layers of 2" proving the result. O
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As this proof and the LYM inequality demonstrates, it can sometimes be useful to measure the
size of a family not by its cardinality but by the function

MF) = Fz;ﬁ

which is commonly referred to as the Lubell measure of F. For example, the proof of The-
orem 1.13 implicitly shows that any F with no chain of size larger than ¢ has A\(F) < t. In
general it can be of use to consider extremal problems which measure the “size” of F by various
functions of the size of its elements; we will see another example of this later in Theorem 2.7.

1.4 Exercises

Each chapter will end with a set of exercises. Following the notation of Stanley, we will add
numbers after each exercise to indicate the problem’s rough level of difficulty as follows:

e [1] problems are elementary and routine requiring little to no thought,

e [2] problems have simple solutions (though that does not necessarily mean it is easy to
find!),

e [3] problems tend to have involved solutions,

e [4] problems have extremely difficult solutions (to the extent that such questions should
never be used in a classroom setting),

e [5] problems are unsolved.

Additionally, plus and minus symbols may be used to indicate higher or lower levels of difficulty
for the problem. For example, a [2+] problem might have a simple solution that’s pretty
challenging to find, while a [3-] problem might have an involved solution that’s actually not too
hard to work out. Ultimately, all of the ratings that I give are only rough estimates and the
reader may find a given [3] problem easier to solve than a [2-] depending on the circumstances.

1. Let F be an r-uniform set system with the property that F' N F” ¢ F for any distinct
F,F' F" € F. Prove that |F| <1+ (Lr;%) (Hint: let F” € F be arbitrary and consider

the set system {FNF": F e F\{F"}}) [2].

2. Let ay,...,a, be real numbers with |a;] > 1 for all i and Xj,..., X, independent
Rademacher random variables.

(a) Prove that

sup Pr[> " a,X; € [r,r +2)] < (MT/LQ J)Q‘”.

reR P
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That is, the random signed sum is unlikely to land in any given half interval of length
at most 2 [2-].

(b) More generally prove for any integer ¢t > 1 that

sup Pr[z a;X; € r,r+2t)] < max Z (n) 27"

reR . Tg({o,l ..... n}) v r

K3 t

where to be clear this upper bound is equal to 27" times the sum of the ¢ largest
binomial coefficients [2].

. Verify that set containment F' C F” and divisibility of integers x|y define partial orders
on 2" and [n], respectively [1].

. (1-dimensional Helly Theorem) Prove that if I, ..., I are a collection of intervals of R
with the property that I; N I; # 0 for all 4,7, then (), ; # 0. In particular, one can
strengthen Proposition 1.8 slightly by replacing the intervals pairwise intersecting with
having a point in common [2-].

. Prove Proposition 1.9 (Hint: try proving the weaker lower bound of n~2" to get a feel for
the proof idea) [2+].

. Finish the proof of Theorem 1.10 by constructing four partial orders with the desired
properties [3-].

. A famous Ramsey result of Erdés and Szekeres says that if (aq,...,a,) are a sequence
of distinct real numbers, then there exists either an increasing subsequence of length at
least \/n or a decreasing subsequence of length at least y/n. That is, there exist indices
1 <ip < -+ <4 < nsuch that t > /n and such that either a;, < --- < a; or
aj, >+ > a,.

(a) Prove this using Dilworth’s Theorem [2].

(b) Prove this without using Dilworth’s Theorem (Hint: for each j define i; to be the
length of the longest increasing subsequence which ends at a; and d; to be the length
of the longest decreasing subsequence which ends at a;. Can we have (i;,d;) =
(ij/,dj/) for j < j'7) [2+].

. Prove Mirsky’s Theorem: if P = (X, <) is a finite poset of height h(P), then there exists

a partition of X into h(P) antichains (Hint: prove that the set of maximal elements M

of P form an antichain) [2].

. Prove that if F C 2" is an antichain with |F| < r for all F € F then |F| < (") [2-].

15



2 Intersecting Families and Katona’s Circle

2.1 Katona’s Circle Method

In this chapter we explore a general technique known as Katona’s circle method which is based
on the following core idea.

Mantra 1 (Katona Circle Philosophy). If a problem is difficult, try solving it for “simple” set
systems and then reduce your problem to simple set systems by an averaging argument.

To illustrate this, let us prove Sperner’s Theorem using this approach. Ultimately we want to
find the largest antichain in 2", but arbitrary set systems of this form can be rather complicated.
To remedy this, we will look at F not contained in 2" but rather in some simpler family.

One (very clever and non-obvious) choice for a simpler family is the collection A4, consisting
of all A C [n] which are “cyclic intervals”, meaning A = {s,s + 1,...,s +r — 1} for some
0 < s,7 < n where these elements are taken modulo n. Thus for example {n — 1,n,n + 1} =
{n—1,n,1} € A,. The intuition for this collection comes from imagining placing the numbers
1 through n consecutively around a circle, in which case A, consists exactly of the consecutive
arcs of this circle . In this setting the antichain problem is very simple to solve.

Lemma 2.1. If F C A, is an antichain, then |F| < n.

Proof. If ) € F or [n] € F then |F| = 1 for F an antichain, so we may assume from now on that
(,[n] € F. This implies that for every F' € F C A, \ {0, [n]} there exists a unique integer i
with sp € F and sp—1 ¢ F (where again sp—1 is written modulo n). Observe that if F, F' € F
were distinct elements with sp = sg := s, then this would imply F' = {s,s+1,...,s+r—1}
and F' ={s,s+1,...,s+ 1" — 1} for some r # r’ which would imply one of F, F’ contains the
other, a contradiction to F being an antichain.

We conclude that for each s € [n] that there is at most one F' € F with s = sp, and from this
it follows that |F| < n. O

Crucially, we can upgrade this result for families on a circle to arbitrary families and thereby
recover the LYM inequality.

Proof of the LYM inequality. Recall that we wish to show that if F C 2" is an antichain, then

> oy <!
FeF (IF |) N

We will do this by “averaging” over all the ways of embedding F into A, where we already
know how to solve the problem by Lemma 2.1. We note that the inequality is trivial if either
) € F or [n] € F (since then |F| = 1), so we may assume from now on that 0, [n] ¢ F.

For each bijection 7 : [n] — [n] (which we think of as a way of arranging the numbers 1 through
n along a circle) and set F' = {x1,...,z,}, let 7(F) = {w(x1),...,7(z,)}. Let P denote the set
of all pairs (m, F') such that 7 : [n] — [n] is a bijection and F' € F satisfies 7(F') € A,, (that is,
F is a consecutive arc when the circle is labeled according to 7). We aim to count |P] in two
ways by observing two facts.
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Claim 2.2. Fach F € F is in ezxactly n - |F|l(n — |F|)! pairs of P.

Proof. 1f (m, F') € P then this means the image of F' under 7 is an arc of the circle. There
are n possible choices for what its image could be (here we implicitly use that F' # ), [n]), and
given this there are |F'|! ways for m to map F to its image and (n — |F'|)! to map the remaining
elements, giving the claim. O

Claim 2.3. FEach bijection m is in at most n pairs of P.

Proof. Consider the family F/ = {n(F) : (m, F') € P}. By definition |F’| is the number of pairs
misin, F' C A,, and F’ is an antichain because F is. It follows from Lemma 2.1 that |F'| < n,
giving the claim. O

Combining these two claims gives

d o |Fln—[F) < [P| <n-nl,
FeF

and dividing both sides by n - n! exactly gives the stated inequality. O]
This double counting argument can be rewritten in the language of probability.

Probabilistic Proof of LYM Inequality. Let F C 2"l be an antichain and 7 : [n] — [n] a bijec-
tion chosen uniformly at random. Let X denote the (random) number of F' € F such that
7(F) is an arc of the circle. By Lemma 2.1 we deterministically have X < n, so in particular
E[X] < n. On the other hand, since w(F') is a uniform random subset of [n] of size |F'| and since

n

exactly n such sets are an arc of the circle (assuming F # (), [n]) we find Pr[r(F) € A] = oy
||

and hence by linearity of expectation

Ex] =Y (L)

FeF \|F|

which combined with E[X] < n gives the result. O

The idea of using probabilistic thinking to solve combinatorial problems is at the heart of the
probabilistic method, which is perhaps the most important tool in extremal combinatorics.
Because GSU has an entire course dedicated to this topic we will refrain from discussing this
further except where absolutely necessary.

We explore a few more applications of the Katona circle method in the coming subsections.
For an even more detailed discussion on the topic, we refer the reader to the survey by Frankl
dedicated to this method.
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2.2 Intersecting Families

We next use Katona’s circle method to study another fundamental object in extremal set theory,
namely that of an intersecting family.

Definition 2. A set system F is said to be an intersecting family or simply intersecting if
FNF #0foral F,F' € F.

We want to determine how large such a set system can be. If we consider arbitrary set systems
this is somewhat boring.

Proposition 2.4. Every intersecting family F C 2" has |F| < 27! and this bound is best
possible.

Proof. Observe that for every F' C [n], we must either have F' not in F or its complement
[n] \ F' not in F in order for F to be intersecting. As such, any intersecting family can contain
at most half the elements of 2" giving the bound of |F| < 2"~!. This bound can be achieved
by a large number of constructions: the simplest is to take F to be the family of sets containing
1; if n is odd then another construction is to take all sets of size at least (n + 1)/2. In fact, in
the exercises it is shown that every maximal intersecting family F C 2" has size 2. O]

This argument, while cute, is too simple to justify a large amount of time studying intersecting
families. The saving grace is that the problem becomes significantly more interesting when we
look at the setting of uniform families.

Theorem 2.5 (Erdds-Ko-Rado). If F C ([’Z]) is intersecting and n > 2r, then |F| < ("7)).
The hypothesis n > 2r is needed for this result to hold because for n < 2r the entire family
F = ([’:}) is trivially intersecting. The upper bound (Z:ll) is best possible when F is a star,
which means there exists some element ¢ € [n] such that F consists of every element of ([Z])
which contains 7. In fact, one can prove that stars are the unique constructions which achieve

the bound (’Zj) whenever n > 2r.

Historically the Erdés-Ko-Rado Theorem was the second result ever proven' in extremal set
theory and is considered by many to be the fundamental theorem in the field. Its central
importance is due to a number of factors:

(i) There are many ways of interpreting the problem (such as a hypergraph Turan problem of
avoiding two disjoint edges, or as finding the independence number of the Kneser graph).

(ii) There are many ways to to extend and generalize the problem (as we discuss at the end
of the chapter).

(iii) There are many ways to prove the result: it is not too much of an exaggeration to say
that a method is only useful in extremal set theory if it can be used to prove some version
of the Erdés-Ko-Rado Theorem.

'The result was proven in 1938, but due to other events going on around Europe at the time they delayed
publication until 1961, making it the third paper published in extremal set theory.
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Due to the overwhelming prevalence of this result in the field, is often referred to by the
abbreviation EKR.

We will see several proofs for the Erdés-Ko-Rado Theorem and its variants throughout these
notes. We begin with what is perhaps the slickest proof using Katona’s circle method. For this,
we let A,., C 2["l be the sets of the form A, = {s,s+1,...,s+r—1} for 1 < s < n where
these numbers are written modulo n. In other words, we can view A, ,, as consisting of the arcs
of length r of the circle which has the numbers 1 through n written cyclically along it. As with
the LYM inequality, we begin our proof by solving the intersecting family problem restricted
to this simpler family A, ,.

Lemma 2.6. If F C A, ,, is intersecting and n > 2r, then |F| <.

Proof. If F = () then we are done, so assume there is some A; = {s,...,s+r—1} € F. Because
n > 2r, the only other sets Ay, ; € A, ,, which can intersect A, are those with —r < j < r (for
example, Agy, = {s+r,...,s+ 2r — 1} is disjoint since n > 2r implies 2r — 1 Z 0 mod n).
This immediately gives the weaker bound |F| < 2r — 1. To strengthen this, we observe that we
can not simultaneously have A, ; € F for all —r < j < r. Indeed, partition these elements into
pairs {Asyj, Astjirt for all —r —1 < j <1 together with the singleton {As}. Observe that the
two elements in each pair are disjoint because n > 2r, and as such F can contain at most one
element from each of these r — 1 pairs together with Ay, in total giving the bound of r. m

We can now translate Lemma 2.6 for circular arcs into our original problem by considering a
clever double counting argument.

Proof I of the Erdds-Ko-Rado Theorem. Let n > 2r and F C ([Z]) intersecting. Let P denote
the set of all pairs (7, F') where 7 : [n| — [n] is a bijection and F' = {xy,...,2,} € F is such
that #(F) = {m(x1),...,7(x,)} € A,,. That is, P consists of pairs (7, F') where 7 can be
thought of as a way to arrange the elements of [n] around a circle such that the elements of F’
are a consecutive arc of the circle. We estimate |P| in two ways.

First, we observe that every F' € F is contained in exactly n - rl(n — r)! pairs (7, F') € P since
each such 7 can be identified by choosing the image of F' in at most n ways (since its image is
a consecutive interval of length r on the circle), after which there are r!(n —r)! ways to choose
how 7 maps F' onto this image. This implies that

|P| =n-rl(n—r)|F|

On the other hand, Lemma 2.6 implies that each 7 can be in at most r pairs since the family
{m(F): (7, F) € P} is a set of intersecting arcs on the circle. This implies

|P| S n! T,

which combined with our other inequality implies
nei()-(2)
n\r r—1
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Again this counting argument can be interpreted through the lens of probability which we spell
out to partially motivate our next proof.

Proof II of the Erdés-Ko-Rado Theorem. Let F C ([Z]) be intersecting, let (W[:r[:]l]) be a bijection
chosen uniformly at random, and let X denote the (random) number of F' € F such that
7(F) is an arc of the circle. By Lemma 2.6 we deterministically have X < r, so in particular
E[X] < r. Moreover, one can show using linearity of expectation that E[X] = n|F| (:f)_l, and
combining this with our upper bound on E[X] gives the desired result. O

At this point we have solved the two most basic problems concerning intersecting families by
determining the largest size of such a family in either 2" or ([’Z]), but there are many more
problems one could consider. For example, we might try to adjust the intersecting family
problem for 2" in some way to make it more interesting.

Partially motivated by our discussion around the LYM inequality, we will do this by measuring
the size of F C 2" by something other than their cardinality. One way to do this is by
considering the Lubell measure for F, and this turns out to be an easy exercise to solve.
Another popular way to measure size is through a certain product measure.

Definition 3. For a real number 0 < p < 1 and a family F C 2" we define the p-biased
measure of F by

pp(F) = pFl( = py I,

FreF

The motivation for this definition is that if S, C [n] is the random set obtained by keeping each
element independently and with probability p, then Pr[S, = F| = pl¥I(1 — p)"~1Fl for all F, and
hence Pr[S, € F| = p,(F) for all families F.

Note that 11 /2(F) = |F|27", so bounding p2(F) is equivalent to bounding the size of 7. In a
similar spirit, u,(F) for other values of p can be interpreted as measuring the “size” of F but
with a bias towards favoring small or large sets depending on if p is less than or greater than %
Using this new measure of size allows us to prove a more interesting variant of the intersecting
family problem for 2"

Theorem 2.7. If F C 21" is intersecting, then p,(F) < p for allp < 1.

The bound p,(F) < p is best possible by considering all sets which contain a given element
17, and in fact one can show for p < % that these are the unique extremal constructions. For
2 < p < 1it turns out ,(F) > p so our hypothesis in the theorem is necessary; we leave this
as an exercise.

Proof. There are many proofs of this result, we give a proof based on Katona’s circle method
due to Filmus. We have already proven the result when p = % with Proposition 2.4, so for
slight ease of notation we only prove the result for p < %

Consider the unit circle C' and do two random things: place points 1, ..., x, independently and
uniformly at random on C' and let I = (z,z + p) be an interval of the circle chosen uniformly
at random. For a choice of & = (x1,...,2,) and I, let F' = Fz; = {i: x; € I}. Observe that F
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has the same distribution as if we included each element of [n] in this set independently with
probability p, and hence for any family F we have Pr[F' € F| = p,,(F). It remains to effectively
upper bound this probability for p < % and F an intersecting family, for which the following
will be crucial.

Claim 2.8. We have
Pr[F € F|z] < p,

That is, regardless of what & is conditioned to be, the probability that /' = Fz; € F is small.

Proof. Fix ¥ arbitrarily. If there does not exist any interval I with F; € F then this conditional
probability is 0, so we may assume there exists some interval I’ = (2/, 2’ +p) such that Fz € F.
Now observe that if I = (z,2 + p) is any interval with Fz; € F then we must have I NI’ # ()
since F is intersecting and hence in particular there must be some x; € INI’. Having INI" # ()
is only possible if |z — 2'| < p, i.e. if v € [2' — p, 2" + p|, which for p < % is a proper subset of
the circle C.

The observation x € [x' —p, 2’ +p] already implies the non-trivial result Pr[F’ € F|Z] < 2p since
this is the probability that the random interval I = (z,z + p) has = lying in the appropriate
interval. To improve this we use the same trick in the original Katona circle proof that one can
pair arcs in such a way that at most one of these corresponds to an element of F. Notably, for
each x € [2' — p,2’] at most one of the arcs [} = (z,z + p) and I, = (z + p,z + 2p) can have
Fz 1, € F since necessarily Fzp, N Fy g, = (). Tt follows that conditional on I = (z,z + p) having
x € [/ — p, 2’ + p| that there is at most a % probability of Fy; € F, and hence in total

1
Pr[F € F|7| §2p-§:p.

From this claim it follows that
pp(F) =Pr[F € F] = E; Pr[F € F|Z] < p,
proving the result. [

2.3 The Bollobas Set Pairs Inequality

Theorem 2.7 shows one variant of the intersecting family problem where we changed how we
measure the size of our family. We next change what we mean by “intersecting.” The exact
condition we consider is seemingly unnatural but turns out to appear often in practice.

Definition 4. We say that a pair of set systems A = {A;,..., A}, B = {By,...,Bn,} is
Bollobds intersecting if A; N B; # () for all i # j and A; N B; = 0.

We emphasize that it would be more natural to define a pair of families to be “intersecting”
if A; N B; # 0 for all 4,7 rather than for all ¢ # j. This notion of intersecting is also studied
in the literature (under the name of cross-intersecting), but the notion of Bollobas intersecting
turns out to be more widely applicable as we will shall shortly see. To begin, we establish the
main theorem regarding how large Bollobas intersecting pairs can be.
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Theorem 2.9 (Bollobds Set Pairs Inequality). If A = {Ay,...,An}, B = {Bi1,...,Bn} are
Bollobds intersecting, then
1

i Al

Observe that this bound is independent of the ground sets of A, B, which is very different to
the results we have seen up to this point.

Proof. Our proof uses a variant of the Katona circle argument which puts [n] on a line rather
than a circle. To this end, let X denote the common ground set of A and B, say with n := | X|.
Consider the set P of pairs (m,4) where 7 : X — [n] is a bijection satisfying that 7(z) < m(y)
for all z € A; and y € B;. Observe that the number of pairs (7,4) that a given index i is in is

exactly
n!

n .
(|AZ| + ‘Bz‘) | AN Bi|Y(n — |Ai] — |Bi)! = —(lAi‘\XI'BiI)’

since we can choose the image of A; U B; in (I A'||i‘(\‘ B~|) ways, and given this we have a total of

| A; || Bi|!(n — |A;] — | B;i])! ways to choose 7 so that all of A appears before all of B (with both
these facts implicitly using that A;, B; are disjoint by hypothesis, as otherwise no such 7 would
exist). In total this implies

1
Pl = n!Z (|AZ~|+\BZ~|)'
{ | As]

On the other hand, we claim that each 7 is in at most one pair. Indeed, assume for contradiction
that (m,1),(m,j) € P for some ¢ # j. By hypothesis there exists some z € A; N B, and
y € A;jN B;, which by definition of (7,4) € P means 7(z) < n(y) and by definition of (r, j) € P
means 7(y) < m(x), a contradiction. This implies

Pl < nl,
which combined with the equality above gives the desired result.

]

The following simpler corollary of the Bollobas set pairs inequality is often more convenient to
work with.

Corollary 2.10. If A, B are Bollobds intersecting and if every A; € A has |A;| < a and every

B; € B has |B;| < b, then
b
A=s< (1)

This bound is best possible when A = ([a:b}) and B has B; = [a + b] \ A; for all i.

The statement of the Bollobas set pairs inequality should remind the reader of the LYM in-
equality. And indeed, one can quickly derive the LYM inequality from this, showing that the
Bollobéas set pairs inequality is at least as strong as this result.
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Proof of LYM Inequality. For F = {F,...,F,} C 2" an antichain, define A, B by A, = F;
and B; = [n]\ F;. Trivially A; N B; = 0 for all 4, and also A;NB; = F;N([n]\ ;) = F;\ F; # 0
for i # j because F; does not contain F; by assumption of F being an antichain. We conclude
that A, B are Bollobds intersecting, and hence by the Bollobas set pairs inequality

1 1
> 3 <

i \|Fy

i |A;

which is exactly the LYM inequality. O]

Another application of the Bollobas set pairs inequality is to hypergraph Turdn-type problems.
For an r-uniform set system F, we say that a set T of t of its vertices is a copy of Kt(r) if

(z) C F, that is if the set T" has all (f;) possible of its edges in F. Note that when r = 2 this is
the same as saying 7' is a copy of the graph clique K;. We say F is Kt(r)—free if it contains no
copy of Kt(r).

One of the most important unsolved problems in extremal hypergraph theory is to determine
the maximum number of edges in a Kt(r)—free hypergraph on a given number of vertices. One
can also naively ask for the minimum number of edges in such a hypergraph, but this is boring
because the answer is 0. To make this interesting, we consider mazimal n-vertex Kt(r)—free

hypergraphs, which are set systems of the form F C ([:f]) which are Kt(T)—free but F U {F} for
any F' € ([Zf]) \ F is not Kt(T)—free. We then define the saturation number sat(n, Kt(r)) to be the

minimum number of edges in a maximal n-vertex Kt(T)—free hypergraph.

For example, if » = 2 and ¢t = 3 then we are considering maximal n-vertex triangle-free graphs.
A classic result of Mantel’s says that the maximum number of edges in such a graph is |n?/4].
The minimum number of edges turns out to come from the star K;,_;, which is maximal
triangle-free because adding any edge to the star creates a triangle. Surprisingly, we can
determine the exact saturation number for all r, ¢ despite the corresponding maximum extremal
problem being unsolved in general.

Theorem 2.11. For allt > r we have

sat(n, k") = <’:) - (" _;”)

Proof. We leave it as an exercise to construct maximal Kt(r)—free hypergraphs with (f) — (”_t”)

edges, the existence of which implies sat(n, Kt(r)) < (") = ("""") (observe that constructions

T

for saturation problems imply upper bounds, not lower bounds like they do in the more common
maximization problems). It remains to prove the lower bound, that is, to show any F which

is a maximal n-vertex Kt(T)—free hypergraph has |F| > (") — ("~7"). Equivalently, we want to
show that the set of missing edges A = ([:”]) \ F satisfies |A| < ("71*").

As a first attempt of trying to use the Bollobds set pairs inequality to bound |.A|, one might
try and define B; = [n] \ 4; as we did for the LYM inequality. This will again give a Bollobas
intersecting pair, but ultimately this only yields the trivial bound |A| < (). To remedy this,
we need to chose our B; to be smaller sets which are disjoint from A;.
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The only real fact we know about each A; € A is that F U {A;} contains some copy T; of
Kt(r). That is, T; is a set of t vertices for which F contains every possible edge except for the
edge A; C T;. Let B; = [n]\ T; for each A; € A. Since A; C T; we have A; N B; = () for all
i. On the other hand, if ¢ # j then we claim that A; € T; as otherwise the set T; would be
missing both the edge A; and the edge A;, a contradiction to the fact that adding A; makes Tj
a copy of Kt(r). This in turn implies A; N B; # 0, and hence A and B = {By, ...} are Bollobés
intersecting. Since each A; € A has |A;| = r and each B; € B has |B;| = n — t, we find by the
(corollary of the) Bollobds set pairs inequality

() -r=ta< ("7,

giving the result. O]

There are many extensions and variants of the Bollobds Set Pairs Inequality. Perhaps the
most notable of these is a skew version, for which we say that a pair of set systems A =
{Ar,... A}, B={By,...,B,} are skew Bollobds intersecting if A; N B; # () for all i < j and
A; N B; = 0. Note that we say nothing about A; N B; with ¢ > j in this definition.

Theorem 2.12 (Skew Bollobéds Set Pairs Inequality). If A, B are skew Bollobds intersecting
and if every A; € A has |A;] < a and every B; € B has |B;| < b, then

Al = 18] < (“*b).
a

As far as we are aware, every known proof of the Skew Bollobds Set Pairs Inequality relies on
some form of the linear algebra method, which is a powerful technique we discuss further in
Part II. We end with an open problem regarding another variant of Bollobas intersecting pairs.

Problem 2.13 (Fiiredi-Gyarfas-Kiraly). How large can a Bollobds intersecting pair A, B be if
|A;| < a for each A; € A, |B;| <b for each B; € B, and if |A; N B;| =1 for alli # 57

The best known upper bound for this problem is of the form %(ﬁb) due to Kostochka, McCourt,

and Nahvi who refined an earlier result of Holzman, which is fa(i" off from the best known lower

bound of roughly 5%2 for a = b.

2.4 More on Intersecting Families

While we have solved the most basic problem around intersecting families, there are still many
more directions one can consider. Here are a few such directions:

e What if we require F to be k-wise intersecting, meaning F;, N F;, N---N F;, # () for any
E,,....F, eF?

e What if we require F to be t-intersecting, meaning |F' N F'| > t for all F, F' € F?
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What if more generally for a set L C [n] we require F to be L-intersecting, meaning any
two elements of F have |FF N F'| € L?

What if instead of requiring F to be intersecting, i.e. have no two elements which are
pairwise disjoint, we require F to have no m elements which are pairwise disjoint?

What if we consider two families F,G which are cross-intersecting, meaning F' NG # ()
for any F € F,G € G? How large can |F| - |G| or min{|F|, |G|} be in these cases?

What if F is a non-trivial intersecting family, meaning there does not exist some element
1 in every edge of F7

What if instead of looking at F C ol or F C ([:f]) we looked at some other collection of
sets? For example one could consider “intersecting sets of permutations” or “intersecting

sets of graphs.”

What if we consider some mixture of these properties simultaneously?

Some of these problems have known solutions which we will see later on, while others are not
understood in full.

2.5 Exercises

1.

We consider an abstract version of the Katona circle argument: for a permutation 7 :
[n] — [n], we define for F' = {x1,...,2,} C [n] the set n(F) = {n(z1),...,7(z,)} and for
F C 2"l we define 7(F) = {n(F) : F € F}. Prove that for any two families 7, A C 2"
that -
AN (7 ’
‘# < max |7 (F) N A,
FeF (IFl) "

where the maximum ranges over all permutations 7 : [n] — [n] [2-].

Give an alternative proof of the LYM inequality by using that if Z is the set of initial
intervals {1,2,...,4} for 1 <14 <n then every antichain of Z has size at most 1 [2-].

. Verify for n < 2r that ([:f}) is intersecting [1].

Classify all intersecting families when r = 2 in terms of graph theoretic language [1+].
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d.

10.

11.

12.

We say that a family F C 2" is union if F U F’ # [n] for all F, F’ € F. Prove that F is
a union family if and only if

F={[n]\F:FeF}
is intersecting. In particular, any problem about intersecting families can be turned into
a problem about union families, which in practice can sometimes be easier to solve [1+].

* >k 3k

In this problem we investigate maximal intersecting families, i.e. intersecting set systems
F such that F U {F} is not intersecting for any F ¢ F with either F' € 2"l or F ¢ ([Z])
depending on context.

(a) Prove that every maximal intersecting family F C 2" has |F| = 2"~!. For this we
emphasize that by definition, no intersecting family F can have () € F since then
FNF =0{for F=F =0 elements in F [2].

(b) Prove that there exist maximal intersecting families F C ([:f]) with |F| < 4" for all
n,r; we emphasize that the bound 4" is not best possible [2].

Prove for all % < p < 1 and n > 3 that there exists some F C 2" which is intersecting
and which has y,(F) > p (Hint: there is a pretty natural construction when n is odd; try
comparing this to the star construction) [2-+].

Recall that for a family F C 2l we define its Lubell measure
1

AF) =) oy

FeF \|F|

Prove that if F is intersecting then A\(F) < 2+ (Hint: One can either prove this using
the circle method by first solving the problem for F C 2"\ [n], or with a direct argument
partially inspired by the observation that %t = 1x(2")) [2].

. Prove that for any family F C 2" we have

1
n+1

/0 i (F)dp = » / 1 F) + pp(F)dp = ——A(F).

2

In particular, any upper bound on pu,(F) or ju,(F) + p1—p(F) leads to upper bounds on
A(F) which can be a useful mode of attack, see for example this paper [2+].

* ok ok
Give a proof of the Bollobés set pairs inequality in terms of probabilistic language [1].

For all ¢t > r, find a construction of a maximal n-vertex Kt(T)—free hypergraph F with

Fl= () = () 2

Prove without using the Bollobds set pairs inequality that sat(n, K3) =n — 1 [2-].
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3 Compression Arguments and Isoperimetric Inequali-
ties

One of the most important methods in extremal set theory is compression arguments. Ab-
stractly, such arguments work as follows:

(i) Start with some family Fy and apply carefully chosen “compression operations” to trans-
form Fy into a new family J;, then again apply compression operations to F; to obtain
a new family F5, and so on.

(ii) Verify that the compression operations are such that F;,; maintains or improves all the
desired “properties” of F;.

(iii) Stop the process when we reach some Fj, which is a “stable structure”, in the sense that
applying any compression operation to Fj gives back the family Fy.

(iv) Solve your extremal problem when your family is a “stable structure.”

Arguments like this are present throughout many areas of math. An illustrative example of this
approach is Zykov’s proof of Turan’s Theorem from graph theory. Here we wish to determine
the maximum number of edges an n-vertex K, i-free graph G can have, and to do this we
proceed as follows:

(i) Iteratively if G has two non-adjacent vertices u,v with distinct neighborhoods we delete
a vertex with smallest degree and replace it with a clone of the other vertex.

(ii) We verify that this operation preserves the property of being n-vertex K, ,-free and that
the number of edges does not decrease.

(iii) By applying a finite number of operations we can transform G into a complete (r — 1)-
partite graph.

(iv) We solve the problem for complete (r — 1)-partite graphs, which by the steps above is
enough to solve the problem in general.

For compression arguments, the main difficulty usually lies in choosing the right “compression
operations” to satisfy steps (ii) and (iv). For example, the very strong compression argument
“replace F with the conjectured extremal example” makes (iv) trivial to solve, but verifying
(ii) is just as difficult as proving the original problem. Similarly the very weak compression
argument “leave F as it is” trivially satisfies (ii), but now (iv) is just as hard as the base
problem. Striking the right balance between the difficulties of (ii) and (iv) lies at the heart of
compression arguments.

We begin our investigation into compression arguments with the familiar territory of intersecting
families, after which we use this method to prove discrete isoperimetric inequalities.
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3.1 Shifting and Intersecting Famlies Revisited

We begin with a compression operation known as shifting, which is perhaps the most commonly
used compression operation in extremal set theory. Its definition comes from the original proof
of the Erdos-Ko-Rado Theorem and is motivated by the idea of trying to shift the elements
of some family F to look more like the extremal example, namely the collection of r-sets
containing some element ¢. That is, starting with Fy = F, we want to iteratively define new
families Fy, Fs, ... such that |Fy| = |Fir_1|, such that each F remains intersecting, and such
that each Fj is “closer” to being a star on some given element 4.

With this in mind, if we have some F' € F which does not contain our given element ¢, then
we want to transform F' into a different r-element set which does contain ¢ to make it closer
to the extremal example. The simplest way to do this is to replace F' with a set of the form
FU{i} \ {j} for some j € F. The issue with this replacement is that we may already have
FuU{i}\ jin F, so doing this operation will change the size of F which is something we want
to avoid. The clever but simple workaround is that we will only do this replacement of F if
FuU{i}\ j ¢ F and otherwise we leave I’ as is.

More precisely, for integers ¢, j, a family of sets F, and F' € F, we define the shifted edge

Sjmi(F; F) = {;U{i}\{j} it;eiu;f F FU{id\{j} ¢ F,

and we denote this simply by S;_;(F) whenever F is understood. We similarly define the
shifted family
Sj;)i(f’) = {SJHZ<F) F e .F}

Crucially, this operation preserves all the properties we care about.

Lemma 3.1. Let F C 2" be a family and 4,5 € [n].
(a) Forevery F' € F we have |S;—;(F)| = |F|; in particular, if F C ([’:}) then S;_;i(F) C ([Z]).
(b) We have |8, (F)] = |7].
(c) If F is intersecting then so is S;_;(F).

Proof. Throughout the proof we let F' := S;_,;(F) for ease of notation.

Part (a) is immediate from the definition. For (b), we claim that F’ # G’ for any distinct
F.G € F. This is immediate if F/ = F and G’ = G, so suppose that instead F’ # F, that is
F' = FU{i}\{j}. By definition of shifted edges, having F’ # F means I" ¢ F, so in particular
G #F'. If G'=F'"# G then we must have G' = GU {i} \ {j} = FU{i} \ {j} with j € F.G
and ¢ ¢ F,G. But this implies F' = G, a contradiction to us assuming F, G were distinct. This
establishes the claim, and hence

|Sjmi(F)l = HF": F e FY = {F: F € F}| = |7|,

proving (b).
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For (c), consider any F,G € F. Because F is intersecting, we will trivially have that F’ G’
intersect if F” = F and G’ = G, and similarly these two edges will intersect if F’ # F and
G’ # @ since in this case we have i in both of these edges. As such we may assume without loss
of generality that F' = F and G’ # G, and hence that G' = GU{i} \ {j}. The fact that F' = F’
means either that: (i) j ¢ F, in which case whatever k € F'N G which exists by assumption of
F being intersecting also lies in F' N G’; (ii) ¢ € F, in which case i € F' N G’; or (iii) we have
Fu{i}\{j} € F. If (iii) holds then by definition of F being intersecting there must exist some
ke (FU{i}\{j}) NG, and by definition k # j and also by definition of G’ # G we have i ¢ G
and hence k # i either. This means that in fact k£ € F = F’ and k € G’', proving that F’, G’
intersect. O

We now wish to take some arbitrary family F and shift it to be as close as possible to, say, a
star with every edge containing 1. Certainly we want to apply the operations S;_,; for all j, but
we might also consider performing S;_,; with j > 4 in general to give us even more structure.
To this end, we say that a family F is shifted if F = S;_,;(F) for all 7 > i and observe the
following.

Lemma 3.2. For every family F; C 2I" there is a sequence of integer pairs (iy, j1), ..., (is, ji)
with i, < ji for all k such that if we define Fyy1 = Sj—i, (Fi) then Fipq is shifted.

Proof. For this proof, we observe that for any family F, integers j > i, and F € F that

She Yk

keF k’GSj*M‘(F)

with the inequality being strict whenever F' # S;_,;(F') simply because either F' = S;_,;(F) or
we removed j and replaced it with the strictly smaller number .
Returning to the problem at hand, if some F, we have constructed is shifted then we are done.

Otherweise by definition there is some j; > i5 with Fy # S;. ;. (Fs) := Fsi1. By the observation
above and F, # F 1 we find

Sy Y k=X Yk

FeFs keF FeFs keSj,—is (F) FeFs keF

Because this (finite) sum decreases by at least 1 every time we go from Fy to F,y; and because
this sum is always non-negative, we conclude that after finitely many steps this process must
terminate, meaning F is shifted, giving the result. O

The two lemmas above establish (ii) and (iii) of our general compression argument paradigm,
and as such it remains to do step (iv) of proving Erdés-Ko-Rado for shifted families. We aim to
do this by induction on n, which will require us to replace our family F C ([’Z]) with appropriate
subfamilies on a strictly smaller ground set.

One way to try and achieve this is by partitioning F into the sets which contain a given element
i € [n] and those which don’t, and for this we define

Fli)y={F:FeF, ie€F},
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F(i)={F:FeF, i¢F}.

Observe that F(7) is a set system on the smaller ground set [n] \ {i} but this is typically not
true for F(i). However, we observe the key fact that every element in F(i) contains i, and
hence us including ¢ in each element gives us no new information. Motivated by this, we define
the link hypergraph

Fr(@) ={F\{i}: FeF@)}={F\{i} : FeF, i€ F},

which is a set system on the smaller ground set [n]\{i}. We moreover observe that the properties
of this and the other family F (i) satisfy a number of reasonable properties.

Lemma 3.3. Let F C ([:f]), i € [n], and F(i), Fr(i) be the families as defined above.

(a) We have F(i) C ([”]>{i})’ Fu(i) C ([nli{li})’ and

T

[FI = 1F@)] + [FL)].
(b) If F is intersecting, then F(i) is intersecting.
(c) If F is intersecting and shifted, then Fp(n) is intersecting.

Proof. Part (a) is straightforward, and (b) follows from the fact that F(i) C F and F is
intersecting. For (c), the result is trivial if n < r, so we may assume n > r + 1 from now on.
Assume for contradiction that there existed F', G" € Fr(n) which were disjoint. By definition
of this family we must have F' = F' U {n} and G = G’ U {n} in F which satisfy F NG = {n}
by hypothesis of F’,G’. The fact that the family is shifted and F' € F implies that for every
i <nthat FU{i}\ {n} € F, as otherwise S,_,;(F) would contain F'U {i} \ {n} and hence not
be equal to F. But now take any i € [n] \ G (which exists since n > r + 1) and observe that
F U {i} \ {n} is disjoint from G since F NG = {n}, a contradiction to F being intersecting,
giving the result. O]

Putting all these pieces gives us a new proof of the Erdés-Ko-Rado Theorem.

Proof 111 of Erdés-Ko-Rado Theorem. We prove the result by induction on r and then induction
on n > 2r, the base cases r = 1 and n = 2r being straightforward to verify. Let F C ([7;}) be
intersecting with n > 2r. By Lemma 3.2 we can apply a finite sequence of shift operators to
F to reach a new family F' which by Lemma 3.1 will also be r-uniform and intersecting with
|F| = |F'|. Moreover, by Lemma 3.3 and the inductive hypothesis we find

n—2 n—2 n—1
T — | (7 / < _
A== (000 (000) = (00)),
proving the result. O

We note that the idea in this proof of essentially partitioning F into the two sets F(m) and
Fr(n) based on whether n is in a given element of F to induct on the size of the ground set is
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a common trick in extremal set theory which we will see several more times throughout these
notes.

Shifting is typically used for problems involving uniform families, but one can use it for non-
uniform problems as well. Specifically, we will study t-intersecting families, which are families
F such that any F, F’ € F have |[FFN F| > t. We are thus led to the problem: how large can
F C 2" be if F is t-intersecting?

Let us spend a second thinking about which constructions might give us the largest size, and
to begin let us think about the t = 1 case which we have already solved. While there are many
extremal constructions achieving 2"~! for ¢ = 1, the two simplest we mentioned were (i) the
family containing every set containing 1 and (ii) when n is odd the family containing all sets of
size (n + 1)/2. To make these examples t-intersecting the most natural way to generalize them
is via taking (i) the family containing every set containing {1,2,...,t} and (ii’) when n + ¢ is
even taking the family which contains all sets of size at least (n+t)/2. A quick analysis shows
that the construction from (i’) has size exactly 2"~* while (ii’) has size

Z (Z’) —gn—1 _ Ot<n71/22n)’
)/2

k=(n+t

and this suggests that (ii’) should be the right answer for n+t even. For n+t odd the best one
can naively do is to take all sets of size at least (n + ¢ + 1)/2. However, this family is in fact
(t 4+ 1)-intersecting and hence we can add more elements while still being ¢-intersecting. One
intuitive way to do this is by adding all sets of size (n + ¢ — 1)/2 which contain 1. This will
maintain the t-intersecting property, but it turns out this is not the best one can do: instead
one should add all sets of size (n + ¢ — 1)/2 which do not contain 1. One can check that these
sets together with all sets of size at least (n + ¢ + 1)/2 form a t-intersecting family which has

size . .
n—1 n n—1
(e 2 )2 2 ()
k=(n+t+1)/2 k=(ntt—1)/2
with the equality following from Pascal’s identity.
We now have a conjectured bound for what to try and prove. One can try and replicate our
shifting proof of Erdés-Ko-Rado in this context and the inductive step will work when n + ¢ is
odd, essentially because the extremal construction F in this case is such that the families F(7)
and Fi(n) turn out to both be extremal constructions for n — 1. However, when n + ¢ is even
the families F(7) and Fp(n) are not extremal when F is, and hence there is too much slack in
our argument for this approach to work. We can remedy this by applying a small trick.

Mantra 2. If a problem if giving you trouble, try taking its “complement.”
In extremal set theory there are two natural notions of the complement of a set system F C 2",

namely 2"\ F and {[n]\ F : F € F}. This latter definition plays nicely with the ¢-intersecting
property through the following observation.

Lemma 3.4. If F C 2" is t-intersecting, then the family F' = {[n]\ F : F € F} has the
property that for any F, F' € F', we have

|[FUF'| <n-—t.

31



Motivated by this, we say a family F C 2" is t-union if |F U F'| <n —t for any F, F' € F. By
this lemma, we see that the size of a largest t-intersecting family on [n] is exactly the size of a
largest t-union family on [n], and as such it suffices to solve this latter problem. In particular,
it turns out that shifting will work for this modified problem, giving us the following.

Theorem 3.5 (Katona’s Union Theorem). Let F C 2" be a t-union family with n >t > 0,
and for convenience let d = n —t so that F, F' € F satisfy |FFU F'| < d. If d = 2h for some

integer h then
h
n
=2 (7).
i=0

and if d = 2h + 1 for some integer h then

" in—1
|]-"|§22( Z. )
=0

Sketch of Proof. We prove the result by induction on d > 1 and then induction on n > d + 1.
The base case of d = 1 is straightforward, and the base case n = d+1 is simply Proposition 2.4,
so assume we have proven the result up to some value d and then up to some value n > d + 2.
One can easily show that shifting preserves F being t-union, so it suffices to prove the result
under the assumption that F is shifted. As in our proof of the Erdés-Ko-Rado Theorem we let
Fo)={FeF:n¢F}and Fr(n) ={F\{n}: FeF, neF}

Since F(m) C F we immediately have |F'U F'| < d for any F, F’' € F(7). On the other hand,
we claim that any F, F’ € Fp(n) has |FUF’| < d—2. Indeed, if their union were at least d — 1
then that means F'U {n}, F' U {n} € F would have union at least d and hence size exactly d
by hypothesis of F. But now for any ¢ ¢ F'U F' U {n} (which exists since n > d + 2) we have
by definition of F being shifted and F'U {n} € F that F'U{i} € F and the union of this with
F"U{n} has size d + 1, a contradiction to our assumption on F.

In total we find that F (@) satisfies the conditions of the theorem with the parameters n —1 and
d, and that F(n) satisfies the conditions with n — 1 and d — 2. We can thus inductively upper
bound the size of these two sets, which together with the observation |F| = |F(7)| + |Fr(n)|
and some binomial coefficient manipulations gives the desired bound. O]

Somewhat surprisingly we can use the non-uniform Theorem 3.5 to give another proof of the
uniform Erdos-Ko-Rado Theorem.

Proof IV of Erdés-Ko-Rado. Let F C ([Z}) with n > 2r be intersecting. Let F' = F U {F C
[n] : |F| < r— 1} and observe that this family satisfies |F'U F'| < 2r — 1 for any F, [’ € F

(this trivially holds if a set of size at most r — 1 is involved, and otherwise it follows from the
intersecting property). By Theorem 3.5 applied with d = 2r — 1 < n we find that

r—1 r—1 r—1
Z n , Z n—1 n—1 Z n
k=0 k=0 k=0
giving the desired bound. [
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We note that this trick of adding in all the elements of size less than r to go from a uni-
form problem to a non-uniform problem appears somewhat frequently, and we will see another
example of this later this chapter.

Before moving on, it is natural to ask about t¢-intersecting families in the uniform setting. The
natural guess is t-intersecting F C ([’;]) have |F| < (Z:f) with this being best possible by
considering all families which contain {1,2,...,¢}. This turns out to be true for n sufficiently
larger than some constant n,., but as in the non-uniform case the proof of this for larger ¢ is
more complicated. In particular, the shifting arguments we have here generalize to prove the
inductive step without issue, but the difficulty now is that the base case is not so easy to prove.
This in part due to the fact that for small n there are various different types of constructions
that can occur which makes it extra difficult to determine the optimal value of n,; such that

the bound of (Z:tt) holds for all n > n,.;.

3.2 Shadows and the Kruskal-Katona Theorem

The use of shifting does not apply only to problems about intersecting families; they can be
used for any problem involving properties which are well-behaved under shifting. For example,
given a set system JF and an integer ¢ we define the t-shadow

O(F)={T:|T|=t, IF € FT C F}.

That is, these are the t-element subsets which are contained in some set of F. If F = {F} we
will often simply write 0;(F’) instead of 0,({F'}) for simplicity, and we will also sometimes write
O F for 0,(F). We observe that shadows play nicely with shifting operations.

Lemma 3.6. For every family F and integers i, j,t we have 0,(S;—i(F)) C S;—i(0i(F)).

That is, the shadow of the shift of F is contained in the shift of the shadow of F. We leave the
verification of this lemma as an exercise and use it to solve a problem around shadows.

To begin, we observe that Lemma 3.6 and Lemma 3.1(b) imply
100 (Sj=i(F))] < 195 0(F))| = |0(F)]

which means shifting can only decrease the size of the shadow. This suggests that shifting might
be used for problems which involve lower bounding the size of the shadow of a family (since the
above shows we can assume such a family is shifted without loss of generality). And indeed, we
can use this to prove a version of the Kruskal-Katona Theorem, which like the Erdés-Ko-Rado
Theorem is one of the biggest results in extremal set theory. Here for a real number x and an

integer r we write (f) = zle=D=@=rtD) ang we adopt the convention (g) =1 for all x.

r!

Theorem 3.7 (Lovéasz’s Simplified Kruskal-Katona Theorem). If F C ([:]) satisfies | F| > (%)
for some real number x > r, then for all 0 < t < r we have |0,(F)| > (f)

When z is an integer this bound is best possible by considering F = ([f}). The “full” Kruskal-
Katona Theorem discussed later on gives a bound which is tight for all values of |F|, but this
simpler bound which was first stated by Lovasz is often preferable to work with in practice.
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Proof. We prove the result only for ¢t = r — 1, from which one can derive the full statement by
induction on r — ¢t. We prove the ¢t = r — 1 result by induction on r and then on |F| with the
cases r = 1 and |F| = 0 being trivial.

Assume we have proven the result up to some r and consider F C ([Z]) with |F| > (f) for some
x > r. By Lemma 3.6 we may assume F is shifted, as shifting F further can only decrease the
size of its shadow. Heuristically F being shifted means it contains many edges containing 1, and
looking in this direction leads us to the following where we recall Fy (i) = {F\{i} :i € F € F}
is the link of F at 4.

Claim 3.8. We have |0,—1(F)| > |Fr(1)| + |0r—2(FL(1))].

Proof. By definition every element of Fy (1) is an edge of F minus the element 1 and hence is
contained in 0,_1(F). We similarly observe that if we take any element 7' € 0,_o(FL(1)) then
T U {1} is also an element of 9,_1(F) which is moreover disjoint from every element of F (1)
since it contains 1, in total giving the stated number of elements. O]

From this claim and induction on r we see that the result holds whenever F (1) is sufficiently
large. Specifically, if |F7(1)| > (“_]) then this claim and induction implies

Pz (21)+ (055) = (. 00)

where this equality is true if x is an integer by Pascal’s rule, and since this polynomial equation
is true for all integers it is in fact true for all x. Because of this, we may assume from now on
that |Fr(1)] < (fj), and the fact that Fr(1) is small means

FOl= 1A - mwl= (7) - (P2 = (7).

Heuristically it should seem strange that F(1) is so large in a shifted family which by definition
favors edges containing 1. One concrete way to formalize this intuition is through the following.

Claim 3.9. We have 0,_1(F (1)) C Fr(1).

Proof. For each T € 9,_1(F(1)) there exists some j such that T'U {j} € F(1) C F, which in
particular means 1 ¢ T'U {j}. Because F is shifted, we must have T'U {1} € F (as otherwise
we would have S;_,;(F) # F), and hence T' € Fy(1) as desired. O

Observe that F(1) must be a strict subset of F if F is non-empty and shifted (i.e. F must
contain at least one edge containing 1), so by induction on |F| and our inequality [F(I)| > (*)
we find

7012 D) = (7)),

a contradiction to us assuming the opposite inequality held above. O]

The Kruskal-Katona Theorem (even in its simplified Lovasz form) has many applications, one
of which is that we can give yet another proof of the Erdés-Ko-Rado Theorem due to Daykin.
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Proof V of Erdés-Ko-Rado. The key observation is that having F'N F’ # () is equivalent to the
statement F ¢ F where F := [n] \ F'. If F, F" are r-sets then F ¢ F is equivalent to saying
F ¢ 0,F . In total then if we define F = {[n]\ F : F € F} for F an intersecting family in ([:])
then we find F N o, F = 0.

Now assume for contradiction that |F| > ("]), which in turn implies |F| = |F| > ("7]) =

(”71). Applying the Kruskal-Katona Theorem with ¢ = » < n —r due to the hypothesis n > 2r

giv_es
— n—1 n—1 n
e () (7)< (1),
r—1 r T
a contradiction to F,d,F being disjoint subsets of ([’:]). n

As mentioned above, the full version of the Kruskal-Katona Theorem determines exactly how
large 0, F must be as a function of | F|. To partially motivate the statement of this result, let us
think about the case when F C ([Z]), that is when F is a graph. If | F| = (ZL) for some integer
m and we want to minimize 0;F (which is simply the set of vertices in an edge of F), then
Theorem 3.7 says the best we can do is to take F to be a clique on [m]. If () < |F| < (m;—l)
then a bit of thought suggests that the best we can do is to have a clique on [m] together with
(m;rl) — |F| edges from this clique to, say, the vertex m + 1. That is, we want to add these
extra edges while avoiding using additional vertices as much as possible. Thinking about this
a bit more, one could perhaps be led to the idea of trying to iteratively add edges to F C ([f])
while making its largest element as small as possible (to avoid adding new vertices as much as
possible), and then condition on this making its second largest element as small as possible,
and so on. And indeed, this is the correct answer.

More precisely, we define the colexicographical ordering or simply colex ordering <c on (S) by
saying two distinct sets F'={a; < --- < a,} and F' = {b; < --- < b, } have F <¢ F" if for the
largest integer i with a; # b; we have a; < b;. That is, F' <o F" if either a, < b,, or if a, = b,
and a,_1 < b,_1, or if a, = b, and a,_; = b,_; and a,_5 < b,_5, and so on. Let C(r,s) denote
the set of the first s elements of (1), so for example C(r,2) = {[r], [r — 1] U {r + 1}} and also

C(2,7) = {12,13,23,14,24, 34, 15}.

Theorem 3.10 (Kruskal-Katona Theorem). For any F C (%) we have |0,_1F| > |0,-1C(r,|F|)|.

For example, if |F| = () for an integer m then it is not so difficult to show |9,_1C(r, | F|)| =
(fl), and thereby we recover this case of Lovész’s version. For general |F| we need to work a
bit more to understand what exactly the lower bound of Theorem 3.10 is giving.

To this end, for integers s,r > 1 it turns out there exist integers b, > b,_1 > --- > b, > (> 1
such that s = Y, (b;), and we refer to this sum of binomial coefficients as the r-cascade
representation of s. Note that the cascade representation of s differs from the more conventional
base b-representation of the integer s by writing s not as a linear combination of powers of b, but

rather as a sum of binomial coefficients. One can show that if s has r-cascade representation
b;
>=i¢ (7), then
,
b,
’arflc(n S)’ = Z[ (Z _Z 1)7
1=
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which gives a more quantitative way of interpreting Theorem 3.10. In fact, our proof of Lovasz’s
version of Kruskal-Katona almost goes through for this more quantitative version by replacing
our binomial coefficients with the appropriate r-cascade representation. The only issue that
pops up is when we assume now that |Fr(1)] > > (b"i—l) we can only apply our inductive
hypothesis if this sum is an r-cascade representation, which can fail to be the case if b; = ¢ for
some 7. One can get over this issue with some case analysis; we omit doing so since we will
derive the Kruskal-Katona Theorem from an even stronger result in the following subsection.

Before moving on, we note that from the Boolean lattice perspective, 9,1 (F) can be interpreted
as the set of elements lying just below F. From this viewpoint it makes as much sense to
consider the elements lying just above F. To this end we define for F C ([’Z]) and t > r the

upper shadow O'(F) = {T € ([?]) : dF € F, F C T}. The Kruskal-Katona Theorem has
an essentially equivalent formulation in terms of upper shadows which can often be useful to

consider.

To this end, we define the The lexicographical ordering or simply lex ordering <p on (T) by
saying two distinct sets F' = {a; < -+ < a,} and F' = {b; < --- < b} have F < F" if for the
smallest integer ¢ with a; # b; we have a; < b;. That is, this ordering prioritizes using smaller
elements as much as possible, as compared to colex which avoids using larger elements as much

as possible. We let L(n,r, s) denote the set of the first s elements of ([:f]) in lex order.

Corollary 3.11 (Kruskal-Katona for Upper Shadows). For any F C ([Z]) with r < n we have
07V F| = |07 L(n, 7, | F)]

3.3 Isoperimetric Inequalities and Harper’s Inequality

The Kruskal-Katona Theorem can be interpreted as a discrete isoperimetric inequality. Broadly
speaking, an isoperimetric inequality is a statement which bounds the size of the “boundary”
of an object in terms of the “volume” of the object. For example, the classical isoperimetric
inequality states that the perimeter of a closed curve of area A is at least that of the circle
with same area A, and in a similar spirit the Kruskal-Katona Theorem states that the shadow
of any family is at least that of the initial sequence in colex of the same size.

We consider an isoperimetric inequality for graphs G, and in this setting there are several
different ways one can define the concept of “boundary” and “volume.” For our purposes we
will think of the volume of a set of vertices V' C V(@) as its size and its boundary as being the
number of neighbors it has outside of its set, that is

NV)={ug¢V :FveV, u~uv}.

The isoperimetric problem for a graph G then is to determine the smallest possible size of
|N(V)| amongst all sets V' of a given size s. For this it will sometimes be more convenient to
work with the closed neighborhood

N[V]=NWV)UV,

and studying | N (V)| for |V| = s is entirely equivalent to studying |N[V]| for |V| = s.
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For many graphs, a reasonable guess for the isoperimetric problem is that the answer should be
V' a ball, i.e. the set of vertices within some distance d of a given vertex z, since this is exactly
the answer to the problem for bodies in R™. In the special case when G is the n-dimensional
hypercube with its vertices identified by subsets of [n] (which for extremal set theory is the
primary graph we care about), balls are essentially equivalent to the collection of all subsets of

d

[n] on at most d elements. This will turn out to be the correct answer when s = » 7 (?) for

some d, but what happens for values of s which are not of this particular form? Heuristically if
DD (") <s< S (") then to try and be as “close” to a ball as posisble we should take all
of the sets on at most d elements and then some subset of the elements on d + 1 elements. In
choosing the elements of size d 4+ 1 there are perhaps two main ways we could do it: prioritize
sets which use a given element ¢ as much as possible, or prioritize sets which avoid a given
element ¢ as much as possible. That is, we should use either lex or colex order. After a bit of

experimenting one is led to believe that lex is the better ordering.

With all this motivation in mind, we define the simplicial order <g on 2% by having F' <g F"
if either |F| < |F'| or if |F| = |F'| and F' <p F'. We let S(n, s) denote the first s elements of
27 in simplicial order, and slightly more generally we define S(X, s) for any X C [n] to be the
first s elements of 2% in simplicial order. For example, the elements of 24 in simplicial order
are:

0,1,2,3,4,12,13,14, 23,24, 34,123,124, 134, 234, 1234.
Our main result for this subsection shows that initial segments of this simplicial order solves

the isoperimetric problem.

Theorem 3.12 (Harper’s Theorem). If G is the n-dimensional hypercube graph with vertex set
20 then any V C V(G) has [N(V)| > |[N(S(n,|V]))|.

Harper’s Theorem is quite powerful, and in particular quickly implies the Kruskal-Katona
Theorem.

Sketch of Proof of Kruskal-Katona Theorem. For convenience we prove the upper shadow ver-
sion of Kruskal-Katona. Let F C ([’Z]) and define 7/ = F U;:& ([?]). In the language of Harper’s

Theorem we have N(F') = 0" (F) U (([Z}) \ F), and hence if s = |F| we have by Harper’s
Theorem

@+ (1) == IV 2 NS s +Z (Pr=lorsicconron+ (1) -

with this last step using that N(S(n,s + 31—, (")) consists of all the (") — s elements of size
r which S(n,s 4+ 31—, (")) does not contain together with the upper shadow of the elements
of size  which S(n, s +>/_, (")) does contain, which is exactly the first s elements in the lex
ordering. Rearranging gives the desired bound. O]

One can also use Harper’s Theorem to deduce Katona’s Union Theorem in a similar way to
how we used Kruskal-Katona to deduce Erdés-Ko-Rado; we leave this as an exercise.

With regards to proving Harper’s Theorem, this seems to be a difficult task since, in particular,
it is not clear what exactly our theoretical lower bound |N(S(n, s))| should be. In situations
like this the following is useful to keep in mind.
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Mantra 3. If a problem has an extremal construction with a “simple” structure but a compli-
cated size, then compression arguments might be useful for proving this is optimal.

Indeed, in situations such as this one can hope to compress a given object F into a simpler object
F' of the same size which one can compare to the extremal construction without having to do
any real explicit computations. For example, in extremal graph theory the number of edges in
the Turan graph is somewhat complicated to write down, but by using Zykov symmeterization
we can reduce the problem to simply determining the multipartite graph with the maximum
number of edges.

Motivated by this, we prove Harper’s Theorem by a compression argument. As mentioned at
the start of this chapter, one has to carefully balance how powerful our choice of compression
operation is. For this argument it turns out we want a rather strong one. Indeed, while we
do not take the most extreme operation of “replace the family by an extremal example”, we
will do the next most extreme thing and “split the family in half and replace each half by an
extremal example.”

Before going into the details, we warn the reader that writing down the precise notation to
prove Harper’s Theorem is a bit cumbersome compared to the rather simple ideas at the heart
of the argument. As such, the proof is probably best seen drawn on a board rather than read
in notes like this, and for this we highly recommend a beautiful video lecture by Imre Leader
which proves Harper’s Theorem with essentially the same approach we describe below.

Back to the ugly details: for 7 C 2" and i € [n], we recall that F (i), F(i) are the subsets of F
which do and do not contain 7, respectively, and geometrically we can picture these subfamilies
by looking at the two halves of the Boolean cube split based on whether element ¢ is in a set
or not. Intuitively, our compression operation C;(F) will be defined by replacing the elements
F (i) with an initial segment of the simplicial order for [n] \ {i} of size |F(i)|, and we similarly
replace the elements of F (i) with an initial segment of [n] \ {i¢} and then add i back to each of
these elements. More formally,

Ci(F) = S([n] \ (i}, IF@O)) u{S U {i} : § € S([n] \ {3}, |[F (D))},

and we emphasize that this is a disjoint union of sets since the first collection of sets do not
use ¢ while the second always does. We also emphasize that C; is a much “stronger” notion of
compression compared to shifting since, in particular, C; largely ignores the structure of F and
only looks at how many elements of F contain ¢ or not.

With our compression operation defined, we next verify it maintains the properties we care
about.

Lemma 3.13. If F C 2" and if Harper’s Theorem is true for n — 1, then |Cy(F)| = |F| and
|IN[Ci(F)]| < |N[F]| for alli € [n].

Sketch of Proof. That |C;(F)| = |F| is straightforward to verify. For slight ease in notation we
prove the second half only when ¢ = n. Our goal will be to show that “the number of elements
of N[C,,(F)] which do not contain n” is at most “the number of elements of N[F] which do not
contain n,” and also that “the number of elements of N[C,(F)] which contain n” is at most
“the number of elements of N[F] which contain n,” from which the bound follows. For ease of
notation we only do this first part, the other part being entirely analogous.
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https://www.youtube.com/watch?v=rgZ_TVugPu0

Observe that F(m) C 2"~1 and hence we can consider it as a subset of the (n — 1)-dimensional
hypercube and we let N'[F(7)] denote its closed neighborhood within this smaller hypercube.
The set of elements of N[F] which do not contain n then equals

N'[Fm)]U Fr(n),

essentially because an element F C [n — 1] is in N[F] if and only if it is either a neighbor of
something which does not contain n, or if U {n} € F which exactly says F' € Fr(n). One
can also interpret this claim geometrically as saying if we look at the half of the hypercube not
using n, then either F' is in the neighborhood of something in this half or the element above F'
is present.

For ease of notation let C = C,,(F). Exactly the same reasoning as above says that the elements
of N|C] not containing n equals

N'[C(m)]UCL(n).
Observe that by construction,
Ce(n)| = |S([n =1, |[F(n)])| = [FL(n)],
and by assumption of Harper’s Theorem we have
IN'[C(@)] = [N'[S([n — 1], [F@]| < [N[F@)]|.
The last thing we need is the following.

Claim 3.14. Fither N'[C(n)] C Cr(n) or Cr(n) C N'[C(n)].

Proof. Observe that Cr(n) is an initial segment in the simplicial order for [n — 1] and that
N'[C(m)] is the neighborhood of an initial segment in the simplicial order for [n — 1]. It is
straightforward to check that neighborhoods of initial segments continue to be initial segments,
and therefore one of the two initial segments N’[C(7)] or Cr(n) must contain the other. O

In total this implies that the size of N[C]|(7), i.e. the number of elements of this neighborhood
not containing n satisfies

IN[CI(m)| = [N[C() U CL(n)| = max{|N'[C(m)]|, [Cr(n)|}
< max{[N[F@)]|, [ Fr(n)|} < [N[F@)]U Fr(n)| = [N[F|@)],

proving the result. [

We next want to prove that this sequence of compression operations eventually terminates to
a stable structure. To this end, we say a family F is simplicially compressed if C;(F) = F for
all 1.

Lemma 3.15. For every family F, C 2" there is a sequence of integers iy, ..., i; such that if
we define Fri1 = C;, (Fr) then Fiyy is simplicially compressed.
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Sketch of Proof. lteratively if there exists some i such that C;(Fy) # Fr then we take i) = i.
If we let o(F) denote the position of F in the simplicial order of 2"/, then one can prove that

the quantity
> olF)
FeFy

is decreasing with k, and as such this process must terminate at some point. O

With all the above established it remains only to solve the problem for simplicially compressed
families. In our previous work with shifted families we did this by establishing general properties
of shifted families. However, because our compression operations C; are so strong we can in
fact completely characterize simplicially compressed families.

Lemma 3.16. Let Fy, Fy, ..., Fon be the simplicial ordering of 2. If F C 2" is simplicially
compressed then there exists some integer s such that either F = S(n, s) or F = S(n, s)\{Fs_1}
and Fy = [n] \ Fs_1.

Proof. If F is an initial segment in the simplicial ordering then we are done. Otherwise this
implies there exists some F' <g F’ with F' ¢ F and F’ € F.

Claim 3.17. Any such F, F' satisfy F' = [n] \ F.

Proof. Assume for contradiction that there was some i € FNF’. The fact that F is simplicially
compressed implies that all the elements of F containing ¢+ form an initial segment in the
simplical order, and as such the facts that F' <g F’ and F' € F would imply F € F, a
contradiction to our assumption. A similar argument holds for i ¢ F'UF’, so we find that every
1 is in exactly one of the set F, F’, giving the claim. O]

In total this claim implies that for every F’ € F the only element smaller in simplicial order
than it which can be missing from F is [n] \ F’, so if F§ is a largest element in simplicial order
in F then we find that the only earlier element F can be missing is F' = [n] \ Fy. But now if
F # F,_; then the claim applied with F' = F,_; would imply F' = [n] \ Fs_1, a contradiction
to the above, so we must have F' = F,_, giving the second case of the lemma. O]

We now have all we need to prove Harper’s Theorem.

Proof of Harper’s Theorem. We prove the result by induction on n, the case n = 1 being trivial.
Assume we have proven the result up to some value n and consider F C 2. By Lemmas 3.15
and 3.13 we find that there exists a simplicially stable 7’ with |F| = |F'| and |N[F]| > |N[F"]|,
so it suffices to prove |N[F'|| > | N[S(n, |F'|)]|. This is certainly true if F is an initial segment
in the simplicial order. Otherwise Lemma 3.16 implies that ' = S(n,s) \ {Fs—1} and Fs_; =
[n] \ Fy, so it remains to do a little bit of case analysis.

First consider the case 1 € F,_ ;. The simplicial ordering requires F, to keep 1 if it is at all
possible, so the fact that 1 ¢ Fy = [n] \ F,_1 is only possible if Fy_; = {1,r,r +1,...,n} for
some r > 2 and hence Fy = {2,3,...,7 — 1}. Again by the simplicial ordering in this case
we must have r — 2 = |F;| = |Fs_1| = n —r + 2. In total then this case can only happen if
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n = 2r — 4 for some r and its largest simplicial element is {2,3,...,r — 1}, meaning we must
have

F = ( ] )U{Fe (r[ﬁg) 1e FYU{2,3,....r— U\ L rr+ 1, n=2r—4}).

<r-—2

This in turn implies that

S(n,|F'|) = (< L”]_ 2) U{F e (T%) :1eFY,

and it is straightforward to check that the size of this neighborhood is no larger than that of
F', proving the result in this case.

Now consider the case 1 ¢ Fy_ ;. Again because the next element in the simplicial order Fj

contains 1 this situation is only possible if Fy 1 = {r,r + 1,...,n} for some r and F, =
{1,2,...,n — r + 2} in which case S(n,|F’|) is simply (n_[Z}H) and again one can check that
this works out. [

3.4 Exercises

1. Prove that if 7 C 2"l is t-intersecting, then the family 7' = {[n]\ F : F € F} is t-union,
i.e. that any F, F’ € F' have
|[FUF'|<n—t

[1].

2. Here we explore properties of F C 2" which are preserved under the shifting operation
S for integers j, 1.

(a) Prove that if F is t-intersecting then so is S;_;(F) [1+].
(b) Prove that if F is ¢-union then so is S;_;(F) [1+].
(c) Prove that for all integers ¢ we have 0;(S;i(F)) C S;—:(0:(F)) [2].

3. For all integers r > ¢ > 2, find a t¢-intersecting set system JF C (271) with |F| > (27?_1; t)
[2+].

4. We say that an intersecting family F C ([’Z]) is mon-trivial if F is not a subsystem of a
star, i.e. if there does not exist an element i € [n| with i € F for all F' € F.

(a) Prove that for any non-trivial intersecting family F; C ([’Z}) there exists a sequence
of integer pairs (i1, 1), . - ., (i, j¢) with ix < ji for all k such that if we define Fy 1 =
Sje—i,(Fr) then Fyiq is shifted and non-trivial intersecting [2+].

(b) (Hilton-Milner) Prove that if 7 C ( ) is a non-trivial intersecting family and n > 2r,

then |F| < (:f_i) — ("!{") + 1. Note that this bound is of the form O(n"~?) and
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hence is substantially smaller than the Erdés-Ko-Rado bound of ("~]) = O(n"™!)
[3-.

(¢) Construct a non-trivial intersecting family F C ([Z]) when n > 27 which satisfies
FI= (o) - () + 1R

5. Derive the Kruskal-Katona for Upper Shadows Theorem from the Kruskal-Katona Theo-
rem [2-].

6. Given a graph G, let kK(G) denote the total number of cliques of G, i.e. this is the number
of Ky’s of G plus the number of K5’s of GG, and so on. For integers m,n with m = (’2“)
for some integer k < n, determine the largest possible value of k(G) amongst n-vertex

graphs with m edges [2+].
7. In this exercise we show how to use Harper’s Theorem to prove Katona’s Union Theorem.

(a) Prove that if F C 2I" satisfies |F| = 3.0, (") for some 0 < d < n —1 then
INF) =X (0) [2):

(b) For F C 2"l and an integer ¢, define N<;(F) to be the collection of all sets ' C [n]
such that there exists F’ € F whose symmetric difference with F satisfies |[FAF'| <
t; equivalently, N<;(F) is obtained by iteratively applying N to F a total of ¢ times.
Prove that if F C 2 satisfies |F| = Z?:o (") for some 0 < d < n —t then

IN(F)] = S5 () (1),

(¢) Deduce Katona’s union theorem (or equivalently its complementary intersecting ver-
sion) [2+].

8. The shifting operator S;_,; is perhaps the most natural and simplest compression operation
for problems involving uniform set systems. For the remainder of the exercise we study
what is perhaps the most natural and simplest compression operation for non-uniform set
systems. Given a family F C 2" and an element i € [n], we define for each F' € F the
squashed edge

F\{i} ieF, F\{i} ¢ F,

F otherwise,

s i(F; F) = {
and we define the squashed family
S_Z'(.F> = {S_l(F,.F) F e F}

That is, s_;(F) by iteratively going through each edge and removing i if this does not
create a new element and otherwise it keeps it the same. This operation is perhaps most
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10.

11.

naturally viewed from the perspective of thinking of F as elements of a Boolean cube: the
operation s_;(F) can be viewed as moving the Boolean cube so that the z; = 0 face lies
flat on the ground and then literally trying to squash down the elements on the x; = 1
face down, with the elements staying put precisely when the vertex below them is already
occupied (i.e. when e\ {i} € F).

To begin our exploration of squashing, we start by establishing what its stable structures
are. To this end, we say that a set system F is a downset (sometimes also referred to
as hereditary or a simplicial complex) if for every F' € F and F' C F we have F’ € F.
Prove that for every family F; C 2/ there is some finite sequence of integers i, ..., 14,
such that if we define Fi 1 = s_;, (Fi) then Fi; is a downset [2-].

. Prove that if 7 C 2"l and i € [n] then |N(F)| > |N(s_i(F))| [2].

As an aside, this exercise implies that to prove Harper’s Theorem it suffices to do so for
downsets, but this is seemingly just as hard as proving the result for arbitrary families.
This shows that squashing on its own is too weak of a compression operation to prove
Harper’s Theorem, whereas our operations C; were strong enough to do this.

We say a family F has diameter d if maxpper |FAF'| = d where here FAF' denotes
the symmetric difference, and we let diam(F) denote the diameter of F. Prove that
diam(s_;(F)) < diam(F) for all families F and integers 7 [2-].

Kleitman’s Diameter Theorem states that if F C 2" satisfies diam(F) < d for some
n > d > 0 and if d = 2h for some integer h then

|| < 2; (Z‘)

and if d = 2h + 1 for some integer h then

" in—1
|]-“|§22( @' )
1=0

(a) Prove Katona’s Union Theorem using Kleitman’s Diameter Theorem [1+].

(b) Prove Kleitman’s Diameter Theorem using Katona’s Union Theorem [2].
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4 Sunflowers and the Delta System Method

4.1 Introduction to Sunflowers

Ramsey’s Theorem famously says that any graph with a large number of vertices contains either
a large clique or independent set, and this result naturally extends to uniform set systems. In a
similar spirit, one can easily prove that any graph with a large number of edges contains either
a large star or a large matching. The analog of this fact for uniform set systems leads to the
notion of sunflowers.

Definition 5. A set system & = {S1,...,S,} is a sunflower with p petals if there exists a set
K called the kernel such that S; NS; = K for all ¢ # j.

For example, in the 2-uniform setting of graphs, sunflowers are either stars (if K is a single
vertex) or matchings (if K is the empty set). As such, the following is a uniform analog of the
fact that large graphs either contain large stars or matchings.

Theorem 4.1 (Erdds-Rado Sunflower Lemma). If F is r-uniform and |F| > (p — 1)"r! then
F contains a sunflower with p petals.

Importantly (and somewhat remarkably) the size of the ground set of F does not appear in
this statement, which implies that sunflowers are ubiquitous in large set systems.

Proof. We prove the result by induction on 7, the r = 1 case being trivial. Assume we have
proven the result up to solve value r and let F be an r-uniform set system with |F| > (p—1)"rl.
If F contains a matching on p edges (i.e. p disjoint edges), then this defines a sunflower, so
we can assume the largest matching of F has m < p — 1 edges, say with these edges being
Fy, ..., F,. Crucially, we observe that because this is a largest matching, every F' € F must
intersect one of these F; edges, and in particular every F' € F must use at least one vertex
in |JF;. Note that ||JF;| = mr < (p — 1)r, so by the pigeonhole principle there is some
x € |JF; whose degree in F is at least ml]ﬂ > (p— 1)""'(r — 1)!. This means that the
link hypergraph Fp(z) = {F \ {z}: FF € F, x € F'} is an (r — 1)-uniform set system with size
strictly greater than (p — 1)"~*(r — 1)!, so inductively there exists a sunflower {Sf,...,S}} for
Fi(r), say with kernel K’. But then the sets S} U{z},..., S, U{z} are edges of F which have
pairwise intersection K’ U {x}, so this defines a sunflower with p petals for F. ]

Sunflowers show up in a number of combinatorics problems (as we discuss below) as well as
various computer science contexts, and because of this there is a great deal of interest in
determining better bounds for when sunflowers are guaranteed to exist. A basic construction
which we leave as an exercise shows that Theorem 4.1 is not too far from the truth.

Lemma 4.2. For all r,p > 1 there exists an r-uniform set system F with |F| = (p—1)" which
does not contain a sunflower with p petals.

It is generally believed that this latter bound should be closer to the truth.
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Conjecture 4.3 (Erdés-Rado Sunflower Conjecture). For all p there exists some C' = C(p)
such that any r-uniform set system F with |F| > C" contains a sunflower with p petals.

The bound of Theorem 4.1 is roughly of the form r". After a lot of partial progress there
was a major breakthrough for this problem which brought the bound to roughly (logr)". This
breakthrough relies on a rather general probabilistic tool which we discuss now.

For a set system F and a set of vertices S, let deg(S) denote the number of edges of F which
contain S. We say F is g-spread for some 0 < ¢ < 1 if deg(S) < ¢l|F| for every set of
vertices S. Intuitively set system F being spread implies its edges are not clumped together on
a small set of vertices, with sets S = {v} in particular showing that no vertex is in more than
g-proportion of the edges of F.

Theorem 4.4 (Spreadness Theorem). There exists some absolute constant K, such that the
following holds: if F is a q-spread set system with ground set V' such that every edge of F has
size at most r and if C > Ky 1is real, then the random set W C V' chosen uniformly at random
amongst subsets of V' of size Cqlogr - |V| satisfies

Pr[W contains an edge of F] > 1 —8C .

That is, for spread set systems a random set of not too large a size likely contains an edge
of F. This theorem was proven by Frankston, Kahn, Narayanan, and Park building on ideas
of Alweiss, Lovett, Wu, and Zhang who proved the first sunflower bound of the form (logr)".
A more optimized version of their argument was observed by Bell, Chueluecha, and Warkne,
giving the following result which remains the best known bound for the problem.

Theorem 4.5. There exists an absolute constant C' > 0 such that if F is an r-graph with at
least (Cplogr)" edges, then F contains a sunflower with p petals.

Proof. We prove this by induction on r, the » = 1 case being trivial. Let F be an r-graph with
at least (C'plogr)” edges. If F is not g-spread with ¢ = (Cplogr)~!, then there exists some
S C V such that

deg(S) > ¢*!|F| > (Cplogr) 1.

We note that this first inequality can not hold if S = (), so we must have S # (). The
inequality means that the link hypergraph F.(S) = {F\ S : F € F,S C F} has size at least
(Cplogr) =151 > (Cplog(r — |S]))"1¥l. Since F1(S) is an (r — |S|)-uniform hypergraph, by
induction F7,(S) contains a sunflower with p edges F1\ S,..., F,\ S € FL(S). It is not difficult
to check that FY,..., F, € F forms a sunflower in F. We conclude that any F with at least
(Cplogr)" edges which is not g-spread contains a sunflower with p petals, so from now on we
may assume F is g-spread.

Possibly by adding isolated vertices to JF, we can assume that the size of the ground set V
of F is a multiple of 2p. Let Vi,..., V5, be a uniform random partition of V' such that each
V; C V has size (2p)~!|V|. This means that each V; is a uniformly chosen set of V' of size
(2p)'V| = 3C(logr)q|V|. Let 1; be the indicator variable for the event that V; contains an
edge of F. By Theorem 4.4, we have Pr[1; = 1] > % provided C is sufficiently large. This means
E[>1;] > p, and hence there exists some partition Vi, ..., V5, such that ) 1, > p, which in
particular means there exist p disjoint edges of F. This is a sunflower in F with p edges, proving
the result. O
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The Spreadness Theorem has very short (but not so easy) proofs along with a wide number of
applications. In order to keep our narrative focused we defer further discussion of this theorem
to Section 16.

4.2 The Delta-System Method

The Erdés-Rado sunflower lemma shows that sunflowers are ubiquitous in large set systems.
This ubiquity can be exploited in a general method known as the Delta-system method, where
“Delta-system” refers to the original name for sunflowers used by Erdds and Rado but which
has since fallen out of use.

Roughly speaking, the Delta-system method can be interpreted as any proof which uses sun-
flowers. For example, many applications of the Delta-system method utilize the following basic
observation due to Deza, Erdds, and Frankl [?].

Lemma 4.6. If F is an r-uniform set system which contains a sunflower with r+ 1 petals and
kernel K, then for every set of r vertices F' there exists some F' € F with FNF' C K.

Proof. Let Sy, ...,S,.1 be the edges of the sunflower. Since each of the sets S;\ K, ..., 511\ K
are non-empty disjoint sets, some S; \ K set must be disjoint from F. Taking F’ = S, gives the
result : O]

We can use this together with the ideas from the Erdés-Rado Sunflower Lemma to prove a
t-intersecting version of the Erdds-Ko-Rado Theorem with a suboptimal bound on n. Here we
recall that a family is t-intersecting if |[F'N F'| > ¢ for all F, F' € F.

Theorem 4.7. If F C ([TTL]) 18 t-intersecting and if n is sufficiently large in terms of r, then
|F| < (:f::) with equality holding if and only if F consists of every set containing some fixed
set T of size t.

Proof. We crucially observe that if F contains a sunflower with r 4+ 1 petals and a kernel K of
size at most ¢, then there is some t-set T' contained in every edge. Indeed, by Lemma 4.6 for
any edge F' € F there exists some F’ € F with FNF' C K. Since |[FNF'| >t and |K| <t by
hypothesis, we must have F' N F’ = K with K a t-set, and since F' was arbitrary this implies
K is contained in every edge of F It follows in this case that |F| < ("~}) with equality holding
only if F consists of every r-set containing K.

With the above in mind, we may assume from now on that F has no sunflower with r+ 1 petals
and a kernel of size at most ¢. For each T' € ([7;]) this implies that the link F.(T) = {F\ T :
F e F, T C F} does not have r 4+ 1 pairwise disjoint sets. Letting M C F.(T) be a largest
collection of pairwise disjoint sets, we have by maximality that every set of F.(T') intersects
one of the at most | M| < r? vertices in a set of M. It follows that the number of sets in the
(r — t)-uniform set system F(7") satisfies

a7,

r—t—1
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since there are at most 72 choices for which vertex in M each edge uses, after which there are

at most (rf;_tl) choices for the remaining vertices in the edge of size r — t.

Now fix any edge F' € F and observe that every edge of F must contain some 7" € (f) since F
is t-intersecting, and as such

17l < 2(;) Foi=e(0)("00)

and for n sufficiently large in terms of r this is strictly smaller than (Z::), proving the result. [

In fact, our proof implicitly proves the following stability version of this theorem.

Corollary 4.8. For all r > t > 1 there exists some C = C(r) such that if F C ([Z]) is t-

intersecting with |F| > Cn"~'1, then there exists some T € ([’Z]) such that every edge of F
contains T'.

For further applications of the Delta-system method we will need more sophisticated tools than
that of Lemma 4.6. One such tool is Fiiredi’s Intersection Semilattice Lemma, which itself is a
result proven using the Delta-system method. Its full statement is a little intimidating, so we
start with a basic version of it.

Lemma 4.9 (Weak Intersection Semilattice Lemma). For all integers r,p > 1 there ezists
¢ = c(r,p) > 0 such that for every r-uniform set system JF, there exists a subgraph F' C F
with |F'| > ¢|F| such that for all F, F' € F', the set F N F' is the kernel of a sunflower with p

petals.

That is, we can approximate F by a hypergraph F’ such that any two edges of F’ are petals
of a large sunflower. This
together with the t-intersecting Erdds-Ko-Rado Theorem quickly gives the following result due
to Mubayi and Zhao [?].

Corollary 4.10 ([?]). For all r,p,t > 1 there exists a constant C = C(r,p) such that if
F C ([TTL]) has |F| > Cn™ "1 then F contains a sunflower with p petals and kernel K satisfying
K| <t.

Note that when ¢ = r — 1 this states that |F| > C implies F contains a sunflower with p petals
(with the additional kernel condition |K| < r — 1 being trivially satisfied), and as such this
recovers the Erdés-Rado sunflower lemma up to the exact value of C'.

Proof. We may assume n is sufficiently large in terms of r, as otherwise one can trivially find
a sufficiently large C' for which this holds. Let C' = ¢~! with ¢ the constant from Lemma 4.9.
It follows that if 7' C F is the family guaranteed by Lemma 4.9 then

—t—1
IF|>c|F|>nt > (" .
r—t—1

By Theorem 4.7 applied to (¢ + 1)-intersecting hypergraphs, we find that 7’ must contain two
edges F, I’ which intersect in less than ¢ + 1 vertices. By Lemma 4.9 we have that F N F” is
the kernel of a sunflower with at least p petals, proving the result. O
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We now state the full intersection semilattice lemma, which requires a bit of notation. If F is an
r-uniform set system with ground set V', then we say that a partition Vi,...,V, is an r-partition
of F if every edge of F intersects each V; in exactly 1 vertex, and we say JF is r-partite if an
r-partition exists for F. Given an r-partition Vi, ..., V, for F and a set of vertices S we define
proj(S) := {i: SNV, # 0}. That is, proj(S) records which parts the vertices of S are in. Given
a set system F and a set of vertices K, define degz(K) to be the largest integer d such that
there exist edges F, ..., Fy € F with F;NF; = K for all i # j. In other words, deg’z(K) is the
size of the largest sunflower which contains K as its kernel.

Theorem 4.11 (Intersection Semilattice Lemma). For all r,p, there ezists ¢ = c(r,p) > 0

such that for every r-uniform set system F, there exists an r-partite subgraph F' C F with
|F'| > ¢|F| and a hypergraph J C 201\ {[r]} such that:

(1) degm(F N F') > p for all F,F' € F'.
(i1) For every F € F', {proj(FNF'): F' € FF\{F}} =J.
(i11) J is intersection closed, i.e. 1,J € J implies INJ € J.

To be clear, J C 20\ {[r]} means J is a hypergraph on [r] which does not contain the edge
of size r.

Observe that condition (i) is the same condition we had for Lemma 4.9. Condition (ii) further
says that we can approximate F' by a small hypergraph 7, in the sense that for any edge
F € F', the hypergraph J says by (ii) exactly how the other edges of F’ can intersect F', and
moreover (i) guarantees that each possible intersection occurs at least p times. Condition (iii)
gives some additional structure on what the approximating hypergraph J can look like. For
convenience we say that an F” as in the conclusion of this theorem is (p, J)-homogeneous.

We postpone proving this result and look at some applications. For J C 27\ {[r]}, define the
rank

rank(J) = min{|S|: S C[r], SZIVI € J},

that is, this is the smallest integer s such that there exists an s-set not contained in an edge of
J. For example, rank(7) > 1 if and only if every vertex of [r| is contained in an edge of J.

Lemma 4.12. If F' is an n-vertex (p, J)-homogeneous r-uniform set system, then |F'| <

(ranl?{l(J)) ’

Note that p does not appear in this bound. Before looking at the proof, the reader may want
to try proving this result for themselves when rank(J) = 1 in order to get a sense for the
definitions.

Proof. Let S C [r] be a set such that |S| = rank(J) and such that S Z J for all J € J. Given
an edge F' € F', let ¢(F) = FNJ,op Vi- We claim that ¢ is injective. Indeed, if ¢(F) = ¢(F"),
then S C proj(F N F’') € J, a contradiction to our assumption on S. Since ¢ maps edges of
F' injectively to sets of size rank(7) of the ground set of F’' we conclude the desired bound on

| F']. O

48



We can use this to give another proof of the ¢-intersecting Erdés-Ko-Rado Theorem.

Proof of Theorem 4.7. Apply Lemma 4.11 with p = r+ 1 and let ', J be the resulting hyper-
graphs with (J V; the r-partition of F'. First note that if rank(J) < r —¢, then by Lemma 4.12

we have
—1
Fl<cYF|<ct " < " ,
r—t—1 r—t

where this last step holds for n sufficiently large in terms of ¢ = ¢(r,r+1). Thus if |F| > ("),
we must have rank(J) > r — t.

Let S be a set with |S| = rank(J) such that no edge of J contains S, and let 7' = [r] \ S. By
the above we may assume |S| > r — t, and hence |T| < ¢t. By definition of rank(J) = |S], for
every ¢ € S, there exists an edge J; € J such that S\ {i} C J;. Note that i ¢ J; by assumption
of S not being contained in any edge of J, which means J := (\,.qJi € T. Because J is
intersection closed, we have J € J. This in turn implies by (i) and (ii) that 7/ C F contains
a sunflower with at least p = r + 1 petals and with a kernel of size |J| < |T| < t. From here
the same reasoning as in our previous proof of the t-intersecting Erdés-Ko-Rado Theorem gives
that |J| =t and every edge of F must contain J. O

Again a more careful look at this proof shows that it gives the stability result Corollary 4.8.

A similar argument as above works for more general intersection problems. In what follows
we will begin to use standard asymptotic notation: we write f(n) = O(g(n)) if there exists a
constant C' > 0 such that f(n) < Cg(n) for all n, and we similarly write f(n) = Q(g(n)) if
there exists a constant ¢ > 0 such that f(n) > cg(n) for all n in the relevant domain.

Back to generalized intersection problems: given a set L C {0,1,...,r — 1}, we say that a
hypergraph F is an (n, r, L)-system if it’s an n-vertex r-uniform set system with |[FFNF’| € L for
all distinct F, F’ € F. For example, (n,r, {t,t +1,...,r})-systems are r-uniform ¢-intersecting
set systems. Little is known about how large (n,r, L)-systems can be for general L, but one
can get effective bounds in terms of ranks. To this end, for any L C {0,1,...,r — 1}, define

rank(r, L) = max rank(J),
where the maximum ranges over all J C 2I"\ {[r]} which are intersection-closed with |.J| € L
for all J € J.
Theorem 4.13. If F is an (n,r, L)-system, then

‘.F| — O<nrank(r,L)).

Proof. Let F',J be as in Lemma 4.11. Observe that J is intersection closed and that |J| € L
for all J € J (since otherwise two edges of F/ C F would fail to have |FF N F’'| € L). Thus
letting ¢ be the constant from Lemma 4.11, we have

—1) -1 n -1 n
Fl< e IFl<e (rank(J)> sc¢ (rank(r, L))’

where this second inequality used Lemma 4.12 and the last inequality used the definition of
rank(r, L). We conclude the result. O
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It is conjectured by Frankl that for all r, L there exist (n,r, L)-systems of size w(n™?krL)=1),

This is unknown in general, but see e.g. [?, Theorem 16.6] for a construction of size Q(n!+/('=1)
whenever rank(r, L) > 2.

One of the best general bounds on the size of (n, r, L)-systems is the Deza-Erd6s-Frankl theorem,
which states that such a system F satisfies

n—1~{

F| < = O(n™

7 <[5 = o),
el

provided n is sufficiently large. One can prove this using a variant of the Delta-system method,

though we omit doing so here. Instead, we give an easy proof of the asymptotic result by

utilizing the following.

Lemma 4.14. Every L C{0,1,...,r — 1} satisfies rank(r, L) < |L|.

Proof. We prove the result by induction on |L|, the case |L| = 0 being trivial. Assume we have
proven the result up to some value of |L|. First consider the case 0 € L. Let J be an intersection
closed hypergraph on 201\ [r] with |J| € L for all J € J and rank(J) = rank(r, L). For any
vertex x € [r], let J, ={J—x:x € J € J} be the link hypergraph. If ' ={{—-1:0 € L, { #
0}, then we see that 7, is intersection closed with |J| € L' for all J € J,. Because |L'| = |L|—1,
our inductive hypothesis implies that rank(r — 1, L") < |L| — 1, i.e. there exists some set S of
size |[L| — 1 in [r] \ {«} which is not contained in any edge of 7., which implies S U {z} is a set
of size |L| not contained in any edge of 7. We conclude rank(r, L) = rank(J) < |L].

Now assume 0 ¢ L, and again let J be an intersection closed hypergraph on 2"\ [r] with
|J| € L for all J € J with rank(J) = rank(r,L). Let I =[,.,J. Note that by definition I is
contained in every edge of 7, and by the intersection closed property we have I € J, and hence
|I| € L. Define L' = {¢—|I|: ¢ > |I|}, and note that the link hypergraph J; = {J\I:J € J}
has all of its edge sizes lying in L'. Since |L'| < |L| and 0 € L', the previous case implies
rank(7;) < |L|, which implies there exists some set S C [r] \ I of size L not contained in an
edge of J;, and hence S continues to not be contained in an edge of J (since every edge of J
is the union of an edge of J; with ). We conclude rank(r, L) = rank(J) < |L|, proving the
result. O

This together with the previous theorem immediately gives the following.

Corollary 4.15. If F is an (n,r, L)-system, then

IF| = O(nlH).

It is not difficult to show that this result is tight if L = {0,1,...,¢t — 1}.

Before moving on, we note that while all of our applications here came from extremal set theory,
the intersection semilattice lemma has application to other areas of extremal combinatorics as
well, and for this we refer the reader to a survey by Kupavskii which covers the delta system
in far greater detail.
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4.3 Proof of the Semilattice Intersection Lemma

It is a basic exercise in probabilistic combinatorics that every r-uniform set system F contains
an r-partite subgraph 7' C F with |F’| > Z|F|. Thus to prove the result, it suffices to prove
that if 7 has r-partition | JV; then one can find a subgraph 7' C F and J C 2"\ {[r]} such
that |F'| > ¢(r, p)|F| and

(i) degm(FNEF') >pforal F,F' € F.
(ii) For every F € F', {proj(FNF"): F' e FF\{F}} =J.
(iii) J is intersection closed, i.e. I,J € J implies INJ € J.

Actually, only the latter two properties are relevant for the proof.

Lemma 4.16. If there exists F', J satisfying (i) and (ii) with p > r+1, then they automatically
satisfy (iii).

Proof. Let Jy,J; € J. By (i) and (ii) this means that for any edge F' € F’, there exist edges
Fy, Fy such that F) F; intersect exactly in the coordinates of J; and that these intersections are
kernels of sunflowers in F’ on at least r 4+ 1 petals. This implies there exists an edge I’ € F’
which contains F' N F; and which is otherwise disjoint from F3, namely by taking F’ to be an
appropriate edge of the sunflower with core F'N F} (or equivalently by using Lemma 4.6). With
this proj(F’ N Fy) = J; N Ja, so necessarily J; N Jy € J. ) O

With this claim in mind, we only have to find F', J satisfying (i) and (ii) (this is immediate if
p > r+ 1, and for all other values of p we can take c(r,p) = ¢(r,r + 1) and apply the s =r+1
result). We will do this by iteratively partitioning F which do not satisfy (i) or (ii) into a finite
number of “better” set systems. For this and the rest of the subsection, we define for a set
system F the intersection pattern

I(F) ={proj(FNF'): F,F' e F, F # F'}.

Lemma 4.17. For any r-partite r-graph F, one can decompose F as F = Fo U Ulez(f) Fr
such that Fy satisfies (i) and (ii) for some J, and such that for all I, there does not exist a set
K with proj(K) = I and which is the kernel of a sunflower on at least p petals in F.

Proof. The idea of the proof is to start with Fy = F and then iteratively remove edges from
this set until Fy satisfies (i) and (ii), for which we observe the following.

Claim 4.18. If a set system F' does not satisfy both (i) and (ii) for any J, then there exists
an edge F € F' and K C F such that proj(K) € Z(F') but K is not the kernel of a sunflower
with at least p petals in F'.

Proof. If (i) is not satisfied for some F, F' € F then the claim follows by taking F' and K =
F N F'. If (i) is not satisfied for any J then it in particular is not satisfied for J = Z(F").
Because proj(F N F') € J = Z(F') for all distinct F, F' by definition, the failure of (ii) means
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there exists some F' € F" and J € J = Z(F’) such that proj(FNEF’) # J for all F" € F'\ {F}.
This means that if K’ C F' is the set with proj(K) = J then K is not the kernel of a sunflower
of size at least 2, which in particular satisfies the conditions of the claim. m

With this in mind, we consider the following procedure. Initially start with Fy = F and F; = ()
for all I € Z(F). If at some point Fy satisfies (i) and (ii) then we stop and output the current
sets. Otherwise there exist K and F' € Fy as in the claim and we remove F' from Fy and add
it to ]:proj(K)-

We claim that this procedure gives the desired result. Indeed, Fy satisfies (i) and (ii) by
construction. Assume for contradiction that there existed some I with F; containing a sunflower
on at least p petals with kernel K satisfying proj(K) = I. Let F be the first edge of this
sunflower that was added to F; during the procedure. This implies that every edge of the
sunflower was in JFy right before F' was removed, i.e. that F; contained a sunflower with at
least p petals and kernel K. This contradicts us removing F' from Fy and adding it to F; at
this step, so we conclude no such sunflower exists in any Fj. O

In a similar spirit to the above, we want to take any F; from Lemma 4.17 and split this into
“better” set systems.

Lemma 4.19. Let F be an r-partite r-graph and I a set such that I # proj(K) for any
K which is the kernel of a sunflower with at least p petals. Then one can decompose F as
F=F'y.-- Fre=Y such that I ¢ Z(F') for all i.

Proof. For each set of vertices K with proj(K) = I, let F(K) be the link hypergraph defined
by F(K) = {F\K:K CF € H}.

Claim 4.20. One can partition each F(K) into at most r(p — 1) intersecting families.

Proof. Let My, ..., M, be a largest matching of F(K). Note that ¢ < p, as otherwise M; U K
would be edges of F forming a sunflower with p petals with kernel K. Because M, ..., M; is
a largest matching, every edge of F(K) must contain one of the (r — |K|)t < r(p — 1) vertices
in |J M;. Partitioning F(K) based on which vertex each edge contains gives the claim. O

Let FY(K),..., F®=Y(K) be the intersecting families guaranteed by this claim. Let F/[K] =
{FFUK: F' e F(K)} and let F* = Ug.ppoii)=r & [I]. Note that the F* families decompose
F since for each F' € F there exists a unique K C F with proj(K), and hence F' € J, F'[K].
Further note that if F, F’ € F* then K = F N F’ can not have proj(K) = I, as otherwise this
would imply F \ K, F'\ K € F/(K) and hence that F, F’ intersect in a vertex outside of K
since F*(K) is intersecting. This implies I ¢ Z(F"), giving the result. O

We now put these results together to prove the semilattice lemma.
Sketch of Proof of Intersection Semilattice Lemma. As noted at the start of the subsection it
suffices to prove the result for r-partite F. First take the partition Fy U UIGI(I) Fr from

Lemma 4.17. If Fy is the largest set in this partition then F' = F satisfies all the conditions
with |F'| > 277|F| and we are done. Thus we can assume there is some I € Z(F) with
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|F;| > 27"|F|. By Lemma 4.19 we can partition J; into sets F!,..., F"®»Y and by the
pigeonhole principle we find |F'| > ﬁﬂ-ﬂ > -277|F| and that Z(F') ¢ Z(F). We now
iteratively repeat this exact same procedure with F* replaced by F and because the relationship
Z(F*) C Z(F) can happen at most 2" times we find that this must stop after a bounded number

of steps.
]

4.4 Other Hypergraph Approximations

The semi-lattice intersection lemma gives a way of “approximating” set systems F by the much
simpler set system J. There are a few other methods in the literature which achieve a similar
goal.

Perhaps the most similar is the method of spread approximations developed by Kupavskii and
Zhakaraov. While the Delta-system method gives that the links of each F' € F’ contains
large sunflowers, the spread approximation method gives the stronger condition that a random
partition of the vertex set of links is likely to contain a large sunflower, which is a more robust
condition. Moreover, the “error term” F\F' for spread approximations is typically much smaller
than that of Theorem 4.11 (which only approximates a constant proportion of F, which is in
some sense necessary since it can only perfectly approximate r-partite r-graphs). On the other
hand, the approximating hypergraph for spread approximations is more “complex”, in the sense
that it is not just a hypergraph on [r] but on the entire ground set of F, and moreover you end
up losing the homogeneity property of Theorem 4.11 which says that every two edges have the
same intersection pattern.

Another famous hypergraph approximation is the Junta method, which was developed by Dinur
and Friedgut [?]. This roughly says that if F is an intersecting hypergraph, then there exists
a hypergraph J on a small set of vertices J of F such that almost every edge F' € F has
FnNJeJ. We omit going into this in detail and refer the reader to [?].

Finally, we emphasize a fundamental weakness in all of these approaches, which is that they
only work when n is quite large. In many cases this is okay, but for some results like the
t-intersecting Erdés-Ko-Rado theorem, it is of interest in nailing down the exact dependency
on n. In cases such as these a more careful argument is needed.

4.5 Exercises
1. It is straightforward to see that any two sets form a sunflower with two petals. Prove that

there exist an infinite set system F which contains no sunflower with three petals (Hint:
by the Erdés-Rado sunflower lemma we know such an F can not be uniform) [1+].

2. Prove for all 7,p > 1 that there exists an r-uniform set system F with |F| = (p — 1)"
which does not contain a sunflower with p petals [2-].

3. Prove that if there exists a constant C'= C(p) > 1 such that every r-uniform C'~!-spread
set system with at least C" edges contains a sunflower with p petals, then every r-uniform
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spread set system with at least C" edges contains a sunflower with p petals. In particular,
it suffices to prove the Erdés-Rado sunflower conjecture for spread set systems [2-].

4. A fundamental result of Deza’s says that if F is an r-uniform set system with |F| >
r? —r + 2 and if £ is an integer such that |F'N F’| = ¢ for all distinct F, F" € F, then F
is a sunflower.

(a) Prove this when ¢ = 1 (Hint: prove that if F contains a sufficiently large sunflower,
then F must be a sunflower) [2].

(b) Prove that there exist infinitely many r such that there exist r-uniform F which are
not sunflowers with |F| = r? —r+1 and |[F N F’'| = 1 for all distinct F, F’ € F [2+].

5. For each integer n > 1, let F,, denote the set system which encodes perfect matchings
in the complete graph K,; that is, the ground set of F is E(K5,) and some n elements
e1y..., e, € E(Ky,) form a hyperedge in F if and only if ey, . . ., e, form a perfect matching
in K.

(a) Prove that there exists some C' > 0 such that F,, is Cn~'-spread for all n > C' [2+].

(b) Let Goym denote the random graph on [2n] chosen uniformly at random from all
such graphs with exactly m edges. Conclude that there exists some C” > 0 such that
if m > C'nlogn then

Pr[Gapm contains a perfect matching] > .99

[1+].

6. Refine Lemma 4.12 by proving that if F’ is an n-vertex (p, J)-homogeneous r-uniform
set system and if s := [[r] —J,c, J| > 1, then |F'| <n/s [2-].
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5 Transversals and VC Dimension

In this chapter we study two different measurements for how “complex” a set system can be:
transversal numbers and VC-dimension.

5.1 Transversals

A transversal (sometimes also called a cover or piercing set) of a set system F is a set of vertices
T with the property that TN F # () for all F € F; in other words, every edge contains an
element of T. We define the transversal number 7(F) to be the minimum size of a transversal
of F. The transversal number of a set system can be viewed as a measure of the complexity of
F since 7(F) being small means there is a small number of vertices which are responsible for all
of the edges of F. The smallest non-trivial case 7(F) = 1 has a particularly nice interpretation;
we leave the following as an exercise.

Lemma 5.1. A set system F has 7(F) = 1 if and only if (\per F # 0.

Results about transversals show up all over discrete mathematics. For example, many results
from graph theory can be stated in terms of relationships between transversal numbers and
matchings numbers. To this end we say that a set of edges {F1,..., F,,} C F is a matching if
these sets are pairwise disjoint, and we define the matching number v(F) to be the maximum
size of a matching of F. The parameter v(F) turns out to be dual to 7(F) and they relate to
each other as follows.

Lemma 5.2. If F is a set system where every edge has size at least 1 and at most r, then

v(F) < 7(F) <rv(F).

Proof. Let M = {F\,...,F,r} be a largest matching of F. Observe that every transversal T
must intersect each edge of M and that no vertex of T" can intersect more than one edge of M
since these edges are disjoint. As such every transversal satisfies

v(F) = M| <[T] <7(F).

On the other hand, we claim that 7" = |, F; is a transversal of F. Indeed, if there were some
edge F' # () disjoint from T then M U{F'} would be a larger matching, giving a contradiction. [

The upper bound of Lemma 5.2 is best possible for arbitrary set systems, and there is a great
deal of interest in improving this bound for nice set systems.

One good source for nice set systems is that of graphs. Indeed, many famous results in graph
theory can be stated in transversal language.

Theorem 5.3 (Konig’s Theorem). If G is a bipartite graph then v(G) = 7(G).

In particular, this gives a wide class of examples where the trivial lower bound of Lemma 5.2
is tight. Another example of this phenomenon is a variant of the Helly Theorem for trees.
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Theorem 5.4. Let T be a tree and T a collection of subtrees of T'. If for every Ty,..., T} € T
there exist i # j with V(T]) NV (T}) # 0, then there exists a set V C V(T) of size at most k —1
with VAV(T') # 0 for all T/ € T.

Equivalently this says that if v(7) < k — 1 then 7(7) < k — 1, and hence v(T) = 7(T) for all
set systems of this form. A spiritually similar result is the Erdés-Pdsa Theorem.

Theorem 5.5 (Erdés-Pésa). For every graph G and integer k, either G contains k vertex
disjoint cycles or there ezists a set T C V(G) of size |T'| = O(klogk) such that G —T contains
no cycles.

That is, if F denotes the set system whose ground set is V(G) and where each F € F is
the vertex set of a cycle in G, then this says that either v(F) < k or 7(F) = O(klogk),
which can equivalently be interpreted as saying 7(F) = O(v(F) log(v(F))). We note that this
logarithmic term is necessary in general, and in many cases this bound significantly improves
upon the trivial upper bound of Lemma 5.2 since F can have edges as large as size |V(G)|
whereas log(v(F)) < log(|V(G)]). In addition to these classic results, there are a wide number
of open problems in graph theory that can be framed in the language of bounding transversal
numbers; we mention two such conjectures here.

Conjecture 5.6 (Bollobds-Erdés-Tuza). For a graph G, let F, denote the set system with
ground set V(G) where a set of vertices I forms a hyperedge if I is an independent set of
mazximum size in G. If G is an n-vertex graph with a(G) = Q(n), then 7(F,) = o(n).

Conjecture 5.7 (Tuza). For a graph G, let Fa be the set system with ground set E(G) and
where three edges form a hyperedge in Fa if they form a triangle in G. Then 7(Fa) < 2v(FAa).

That is, if a graph has only & disjoint triangles, then it is possible to find at most 2k edges which
intersect the edge set of every triangle. The bound is best possible for G which are disjoint
unions of K, and K;. By Lemma 5.2 we trivially have 7(Fa) < 3v(Fa), and the only known
improvement for this result for general graphs is due Haxell who showed 7(Fa) < g—gl/(}—A) <
2.8Tv (.F A)-

Another common source of inspiration for transversal problems come from geometric settings.
The most famous geometric transversal result is Helly’s Theorem, which says that if C is a
collection of convex sets in R? with the property that any C’ C C of size at most d 4 1 has
a point of common intersection, then there exists a point in the common intersection of C.
Equivalently, if we view C as a set system on R? then Helly’s Theorem says that if 7(C’') = 1
for all C' C C of size at most d+ 1, then 7(C) = 1. This gives rise to a new transversal problem:
when is it the case that if every small subsystem F' C F has small transversal number then
the same holds for F7 For example, we have the following discrete version of Helly’s Theorem.

Proposition 5.8. If F is an r-uniform set system and if every F' C F with |F'| <r+ 1 has
7(F') =1, then 7(F) = 1.

The bound r + 1 is best possible for this result to hold, since ([r:fl]) has every r of its edges
intersecting but no vertex in its common intersection.
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Proof. Let F = {x1,...,z.} € F be arbitrary. If T = {x;} is a transversal for F for some i
then we are done, so we can assume for all ¢ that there exists some F; € F disjoint from ;.
Observe that {F, Fy,...,F,.} is a set of at most r 4+ 1 edges of F which does not contain a
vertex in their common intersection. This contradicts the hypothesis of the proposition, giving
the result. O]

There are two natural ways to generalize Proposition 5.8. The first is to weaken the assumption
7(F') =1 for |F/| <r+1 by replacing r + 1 with a smaller number and asking to what extent
we can still bound 7(F) in this case.

Theorem 5.9 (Lovéasz). If F is an r-uniform set system and if every F' C F with |F'| < k
has T(F') =1, then 7(F) < 7= + 1.

Proof. We will inductively construct sets Fi,..., Fy € F with the property that for all j <k,
|[FiNEn---NE| <r—(G—1)(T(F)—-1).

Note that any choice of F} € F satisfies this for j = 1. Assume we have constructed F1,. .., Fj
for some j < k satisfying this condition and let T = FyN---NF};. Observe that 7" is a transversal
of F since for any edge F' we have FNT = FNFyN---NF; # 0 by hypothesis. It follows that
|T| > 7(F), and hence there exists some subset S C T of size 7(F) — 1. By definition S can
not be a transversal, and hence there must exist some Fj; € F which is disjoint from S, and
hence

FiN---NFa| <|[FiNnFKN---NE| =S| <r—jr(F)—1),

proving the inductive step of our argument.

In total we find that there exist sets Fi, ..., Fy with
I<|FiNn---NF| <r—(k=1)((F)-1),

where the lower bound uses the hypothesis of the theorem. Rearranging this inequality gives
the desired upper bound on 7(F). O

Another direction to take Proposition 5.8 is to replace the 1’s by some larger number ¢ and ask
when having 7(F’) < t for small subsystems F’ implies 7(F) < ¢. Similar to before the set
system ([Tjt]) is such that every (’"jt) — 1 subsystem has transversal number at most ¢ but the
system itself has transversal number ¢ + 1. As such we must look at all susbsystems of size at

most (rjt) and this turns out to be sufficient.

Theorem 5.10 (Bollobés). If F is an r-uniform set system and if every F' C F with |F'| <
(") has T(F') < t, then 7(F) < t.

Proof. Assume for contradiction that there was some F satisfying the hypothesis of the theorem
with 7(F) >t + 1. By iteratively removing elements of F we can find some subfamily A C F
with the property 7(A) = ¢ 4+ 1 but 7(A \ {A}) =t for any A € A (essentially meaning A
is a minimal counterexample to the theorem statement). We aim to show |A] < ("7"), which
together with 7(A) = ¢ + 1 will give a contradiction to the hypothesis of the theorem. We do
this by applying the Bollobés set pairs inequality.
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To this end, observe that for each A; € A there exists a transversal B; of A\ {A;} of size ¢ by
construction. This means B; intersects each A; € A with j # i, and the fact that 7(A) =t +1
implies that B; must be disjoint from A; as otherwise this would be a transversal of size t. We
conclude that A4 and B = {Bj, ...} are Bollobés intersecting with these set systems being r and
t-uniform, respectively, so from the Bollobas set pairs inequality we find

Al < (r+t>'
r

However, we assumed F had no subsystem of this size with transversal number more than ¢, a
contradiction. O

5.2 VC Dimension

We now study a somewhat more technical notion for measuring the complexity of a set system.

Definition 6. Given a set system J with ground set V', we say that a subset X C V is shattered
by F if for every subset X’ C X there exists some Fx: € F such that Fxy, N X = X'. We say
that a set system F has VC-dimension d if there exists a set X of size d which is shattered by
F and if no set of larger cardinality is shattered by F.

For example, a set {x,y} is shattered if and only if there exists sets in F which miss both
x,1y, which contain both x,y, which contain x and not y, and which contain y and not z

Roughly speaking we think of set systems with few shattered sets as being “simple.” This
intuition can be formalized through the following.

Lemma 5.11. The size |F| of a set system F is at most the number of sets shattered by F.

This result is best possible whenever F is a downset, which means for every F' € F we have
F' € F for every F' C F. It can be quite far from the truth for arbitrary families, as can be
seen by taking F to consist of (), all of the ground set of F, and two large sets which partition
the ground set.

Proof. We prove this by induction on the size of the ground set of F, and without loss of
generality we may assume the ground set is [n] for some integer n. The case n = 0 is trivial, so
we assume we have proven the result up to some value n > 1.

As in our proofs using compression arguments, we want to represent J by set systems with
ground set [n — 1] in order to apply our inductive hypothesis. The previous families we used
F(m) and Fr(n) do not end up working here. Instead, we define

Fi={F C[n—1]:either FF € F or FU{n} € F},

Fo={FC[n—1]: Fe Fand FU{n} e F}.

It is not difficult to see that |Fi| + |F2| = |F|, since for each F' € Fi at least 1 of the sets
F,FU{n} is in F with exactly two of these sets being in F if and only if F' € F, as well. Let
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51, S be the sets that are shattered by these respective families, noting that |F;| < |S;| by our
inductive hypothesis. Let S denote the set of shattered sets of F.

We claim that S; € S. Indeed, consider some X € S; C 2*~! meaning that for each X’ C X
there exists some Fy € F; C 2"~ guch that Fyo N X = X'. By definition of F; this means
there exists some set F%, € F (namely either Fy, or Fx, U {n}) which contains Fy. and no
additional elements of [n — 1] O X, and hence F{, N X = X' as well, implying that X is
shattered.

We next claim that if X € Sy, then X U{n} € S. Indeed, for each X’ C X there is some
Fx: € Fy with FxyNX = X’  and by definition this means that Fx, Fx,U{n} € F. Intersecting
these two sets with X U{n} give X', X" U{n}. As this holds for arbitrary X’ C X we conclude
that X U {n} is shattered in S.

Observe that the two sets Sy, {X U {n} : X € Sy} are disjoint, as one only uses sets avoiding n
while the other always uses n. This combined with the claims above give

S| > |S1] + [Se| > | F1] + [F2| = |F],

proving the result. O]

Lemma 5.11 immediately implies the following bound for sets of bounded VC-dimension.

Theorem 5.12 (Sauer-Shelah Lemma). If F is a set system with ground set V and VC-
dimension at most d, then
~ (V]
ESY < Z, )
i=0

Indeed, this follows since a set system with VC-dimension at most d can only shatter sets of size
at most d. Theorem 5.12 as well as the notion of VC-dimension was discovered independently
by a number of authors including Sauer [?], Shelah [?], and Vapnik and Chervonenkis [?], with
this latter group being where the name “VC-dimension” comes from. The strengthened bound
Lemma 5.11 is due to Pajor [?].

As mentioned, the VC-dimension of a set system roughly measures how “complex” it is, and
we will motivate this intuition with a few examples. To start, given a set system F and a set
of vertices S, we define the trace of S in F to be the collection of sets

Trr(S) :={FNS:FeF}
We denote this simply by Tr(S) whenever F is clear from context.

Lemma 5.13. If F is a set system with ground set V of VC-dimension at most d, then every

set S CV satisfies
(18]
Te(S)] <) ( Z, )
i=0

In particular, every S C 'V satisfies

[Te(S)| < max{1,2|S|%},
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and if |S| > d then
d
)l < (51

That is, if the VC-dimension of F is small, then the number of ways that the edges in F can
intersect with a given set S is at most polynomial in the size of S. This is in sharp contrast
with what would happen in a “random” set system where the number of such intersections is
much closer to the maximum possible value of 2/,

Proof. The “in particular” statement is straightforward, so we only prove the first part. By the
Sauer-Shelah Lemma, it suffices to show the set system Tr(S) has VC-dimension at most d.

Assume for contradiction there was some set X C S of size greater than d shattered by Tr(S5).
By definition this means that for each X’ C S there exists a set F'x, € F such that

X' =(SNFx)NX=FxnX.

These sets Fix, € F show that X is in fact shattered in the original set system F, a contradiction
to this system having VC-dimension at most d. O]

Another way in which set systems of small VC-dimension set systems are “simple” is through
them having small transversals.

Theorem 5.14 (Haussler-Welzl [?]). If F is a set system on V which has VC-dimension at
most d and minger |F| > 0|V| for some 0 < § < 1, then

~F) <0 (%llog %) |

In particular, this bound is independent of the size of F, which is not something one would
expect in “typical” set systems. Something like our condition requiring each element of F to
be large is necessary for this conclusion to hold, as otherwise as we discuss in the exercises F
could contain a large number of sets of size 1, say, which will not increase the VC-dimension
by much but which will force 7(F) to be large.

Proof. The bound is trivial if 7(F) < d, so we may assume ¢ := 7(F)—1 > d. We will prove the
result by bounding the number of pairs of sets (X, X;) such that (i) Xy, X; are disjoint with
Xo U X; having size exactly ¢, and (ii) there exists some F' € F with FN (XoU X;) = FNX;.
Let X denote the set of all such pairs.

w2 () () - ()

Indeed, consider the following process for constructing pairs in X. Start with some integer
0 < i <t and pick an arbitrary set Xy of size i. Because i <t < 7(F), we by definition have
that Xy is not a transversal of F, meaning that there exists some F' € F disjoint from X,. We

To begin, we claim that
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then take X; to be any subset of F' of size t — i (with no pair being produced if |F| < t — 7).
Observe that (X, X1) is a pair of disjoint sets whose union has size t, and that the set F' from
this procedure witnesses F'N (XoU X;) = F'N X;. As such, every pair formed in this way lies
in X, and it is not difficult to see that these pair are all distinct. Moreover, for each integer
7 the number of choices for X is exactly ("i/‘), and given this the number of choices for X; is

( llj ‘Z) > (iI_VZI) Putting this all together gives the desired lower bound.

For the upper bound, we claim that

x| < (";') (et /d)".

Indeed, we can first pick the set Xy U X; in (":') ways. We then observe that if (X, X;) € &,
then X; € Tr(Xo U X;), which by Lemma 5.13 and the assumptions ¢ > d implies that the
number of choices for X is at most 2(et/d)?. Because (Xy, X1) is uniquely determined by
Xo U X7 and X5, we conclude that the number of pairs is at most the bound above.

Combining these two bounds and using basic inequalities for binomial coefficients implies
2et/d)? > (146)" ~ €.

This implies t = O(%l log %), which in turn implies the same bound for 7(F) = ¢ + 1. ]

5.3 VC-Dimension for Graphs

In this subsection we use VC-dimension for some problems in graph theory. To begin, given a
graph G we say that a set of vertices 1" is a hitting set of G if T intersects every independent
set of G of size a(G), i.e. every maximum independent set of G. Equivalently, T is hitting if
a(G —T) < a(G). Let h(G) denote the smallest size of a hitting set of G.

It was asked by Hajebi, Li, and Spirkl [?] whether for all integers ¢ > 2 there exists some
function f; such that h(G) < fi(w(G)) (with w(G) denoting the size of the largest clique of G)
whenever G contains no induced matching of size t. This was answered in a strong form by Ai,
Liu, Xu, and Zhou [?].

Theorem 5.15 ([?]). If G does not have an induced matching of size t, then

h(G) = O w(G)" P logw(G)).

Proof. We begin by translating the problem into a statement about set systems by letting F
denote the set system on V(G) consisting of all maximum independent sets. With this we
observe that a hitting set for G is the same as a transversal for F, so h(G) = 7(F) and it
suffices to upper bound the transversal number of this system. Given this interpretation, a
natural thing to try is Haussler-Welzl. In particular, if G is an n-vertex graph and if F has
VC-dimension d then Haussler-Welzl implies

hG) =1(F) =0 (da@) log (ﬁ)) : (1)
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where here we used that each element of F uses exactly an a(G)/n fraction of the ground set
V(G). To have any hope of using (1) to give our desired result, we must show that graphs G
as in the hypothesis of our theorem have both d and n/a(G) bounded as a function of w(G).
We do this in two steps.

Claim 5.16. The VC-dimension d of F satisfies d = Oy(w(G)'™1).

Proof. By definition there exist some set X = {x1,..., 24} which is shattered by F. In par-
ticular, this means there exists some (maximum) independent set I C V(G) with I N X = X
implying that X itself is an independent set. Our aim now is to use a large part of this inde-
pendent set X as one side of an induced matching in G, implying that X must be small since
G contains no large induced matchings.

Because X is shattered, we have for each j € [d] some maximum independent set I; € F with
I,NX = X\{z,}. Observe that z; must be adjacent to some vertex y; € I;, as otherwise I;U{x;}
would be a larger independent set, contradicting that I; is maximum. Let Y = {y1,...,va},
noting that y; # y; for i # j since they have different neighbors and that X N'Y = () since X
is independent and each vertex in Y has (exactly) one neighbor in X.

We claim that G[Y] does not contain an independent set of size at least t. Indeed, if say
Y1, ...,y were independent then these vertices together with the (disjoint) independent set
x1,...,2; would form an induced matching of size t. We also observe that G[Y] does not
contain a clique larger than w(G). By standard bounds on Ramsey numbers then, we must

have
w(G) +t— 1)

- = Oy(w(@)').

d < R(w(G) + 1,t) < (

It remains to upper bound n/a(G). For this, one might recall the classical bound
n/a(G) < x(G).

As such, it suffices to bound the chromatic number of GG in terms of its clique number. While
this is impossible to do for arbitrary graphs, a classic result of Wagon [?] establishes this for
graphs without induced matchings, the proof of which we reproduce below.

Claim 5.17. If G is a graph without a matching of size t, then x(G) = O(w(G)*72).

Proof. Define a sequence of functions fi, fa,... by having fi(w) = 1 and inductively setting
filw) = (%) fie1(w) + w. We will show that G as in the claim satisfy x(G) < fi(w(G)), from
which the result follows. This is trivial if ¢ = 1, so assume we have proven the result up to
some value ¢.

Let K be a maximum clique of GG. For each pair of distinct vertices z,y € K, define S, , to be
the set of vertices v which are not adjacent to either x or y. Observe that G[S,,| contains no
induced matching of size t — 1, as otherwise such a matching together with xy would give an
induced matching of size ¢ in G. As such, we inductively have that x(G[S;,]) < fi-1(w(G)),

and thus letting S := |JS;,, we find that x(G[5]) < (w(f))ft_l(w(G)).
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It remains then to color the vertices v ¢ S. We claim that every such vertex has exactly one
vertex © € K which it is non-adjacent to. Indeed, a vertex v ¢ S has at most one non-neighbor
in K by definition of S, and if v were adjacent to every vertex in K then K U {v} would be
a larger clique in GG, a contradiction to K having maximum size. Let S, be the set of vertices
which are adjacent to every vertex in K \ {z}. Note that S, must be an independent set, as any
edge yz together with K \ {x} would give a larger independent set. As such, we can partition
the vertices of V(G)\ S into | K| = w(G) independent sets S,,, which combined with our analysis
above implies that

w(G
K6) = (“57) ferlel©) +(6) = (G
giving the result. [
These claims together with (1) gives the desired result. O

More generally, it is conjectured in [?] that if G avoids induced copies of some forest F', then
there exists some function f depending on F such that h(G) < f(w(G)). While this result
verifies the conjecture whenever F' is a matching, the current proof approach fundamentally
can not prove the result in any other cases. Indeed, if G is a matching of size n/2, then the set
system JF consisting of the maximum independent sets of G will have VC-dimension n/2, which
is arbitrarily large in terms of w(G) = 2 despite G avoiding every induced subgraph which is
not a matching.

The previous example uses an auxiliary set system associated to a graph G, namely the set
system of its maximum independent sets. While there are many different sorts of set systems
one can associate to a given graph, the following is the most standard example of such a system
within the context of VC-dimension.

Definition 7. Given a graph G, we define the neighborhood set system
Fo:={N(w):v e V(G)}.

We say that a graph has VC-dimension d if s has VC-dimension d.

One reason one might be motivated to study this particular kind of set system is due to its
transverals. Indeed, one can check that a set 1" is a transversal for F¢ if and only if it is a set
of vertices such that | J,., N(v) = V(G). Haussler-Welzl then implies that if G' is a graph with
small VC-dimension and linear minimum degree, then it contains a small covering of V(G) by
neighborhoods.

The observation above might remind the reader of proper colorings which one can think of as
coverings of V(G) by independent sets. In particular, it maybe suggests that graphs with small
VC-dimension and large minimum degree should have small chromatic number, though this
exact statement is easily seen to be false by considering K,,. The statement can be salvaged,
however, by imposing additional hypothesis.

Although having small VC-dimension and large minimum degree is not enough to ensure small
chromatic number due to K, this conclusion does hold if we put some additional hypothesis

on (.
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Lemma 5.18. If G is a graph which has VC-dimension at most d, minimum degree at least
S|V (G)|, and contains no Cy for some €, then ’

xX(G) = Ol -délog(671)).

Proof. By Haussler-Welzl there exists aset T C V(G) of size O(dd ' log(67')) such that V(G) =
Uper V(v). As such, it remains to show that G[N(v)] has chromatic number at most O(¢) for
each v € T'. And indeed, since G is Cy-free, the graph G[/N(v)] can not contain a path on ¢ —1
vertices. Such graphs can easily be shown to have chromatic number at most O(¢) (by showing
that they have degeneracy at most this, for example), proving the result. O

Lemma 5.18 gives a strong conclusion about the graph G whenever GG has small VC-dimension.
While such results can be interesting on their own

, we will primarily be interested in such results as a first step towards proving
similar statements without the need of imposing any hypothesis on the VC-dimension. In
particular, Lemma 5.18 motivates the following informal question: when does a graph having
large minimum degree and being Cy-free guarantee it has bounded chromatic number (that is,
we look for something like Lemma 5.18 but without any assumption on the VC-dimension)? A
formal way to express is the problem is as follows.

Definition 8. Given a graph F', we define the chromatic threshold d,(F') to be the infimum
over all § > 0 such that every F-free graph G with §(G) > §|V(G)| has x(G) = Os(1).

That is, what’s the smallest minimum degree 6|V (G)| which forces an F-free graph to have
bounded chromatic number? Lemma 5.18 naively suggests that /' = C; might have 4, (Cy) =0
since this is true if we restrict only to graphs with bounded VC-dimension. This is in fact
immediately seen to be true if £ is even simply because Cy-free graphs have at most O(|V (G)[*/?)
edges, and a nice result of Thomasson [?] further shows that 6, (Cy) = 0 for all £ # 3. However,
the behavior of 0, is surprisingly different for triangles.

Theorem 5.19. We have 6,(Cs) = 1/3.

The lower bound 6, (C5) > 1/3 was proven by Hajnal (see [?]) and the upper bound 6, (C5) < 1/3
is due to Thomassen [?]|. Here we give an alternative proof of this upper bound due to Luczak
and Thomassé [?] based in the framework of VC-dimension. They key result we need for this
is the following.

Theorem 5.20. If G is a mazimal triangle-free graph with 6(G) > |V(G)|/3, then G has
VC-dimension at most 3.

Proof. The only place we will use our minimum degree condition is through the following
observation.

Claim 5.21. For any set K C V(G) of 3k vertices, there exists a verter z with at least k + 1
neighbors in K.

Indeed, by hypothesis we have > _, deg(v) > k|V(G)|, so by the pigeonhole principle there
exist some vertex z incident to at least k 4+ 1 edges incident to K. This in turn implies the
following result of Brandt [?].
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Claim 5.22. The graph G does not contain an induced cube, i.e. a K44 minus a perfect match-
mg.

Proof. Assume for contradiction that G contained an induced cube, say with z1, ..., 24, 91,..., %
its vertices such that x;y; € E(G) if and only if ¢ # j. Because G is maximal triangle-free, for
each i there must exist a vertex z; adjacent to the non-adjacent vertices x;,y;. Note that we
must have z; # z; for i # j, as otherwise x;,y;,2 = z; would form a triangle. Let K denote
the set of these 12 vertices.

By Claim 5.21, there exists a vertex z’ adjacent to at least 5 vertices of K. A little case
analysis shows that up to relabeling the vertices, the neighbors of 2] in K must be of the
form xy1, 41, 22, 23, 4. Similarly if we look at the 9 vertices K — {x1, 41,21} we conclude from
Claim 5.21 that there exists some zj adjacent to at least 4 vertices of K — {x1,y1, 21}, which
again up to relabeling must be x4, yy, 22, 23. Observe that 2] # z) since they have distinct
neighborhoods into K.

Consider now the set of 12 vertices K’ := (K \ {z1,24}) U {z],2}}. One can check that the
graph induced by K’ has no independent set of size 5, but Claim 5.21 implies that there exists
a vertex adjacent to at least 5 vertices of K’, contradicting that G is triangle-free. We conclude
that G contains no induced cube, proving the result. O

Now assume for contradiction that G shatters some set of four vertices X = {z1,...,24}. By
definition of shattering there exists some vertex z adjacent to all of these vertices, and since G
is triangle-free this implies X is an independent set. Again by definition of shattering we have
for each i that there exists a vertex y; such that y; ~ x; if and only if ¢ # j. Note that y; ¢ X
for any 7 since X is an independent set and y; has neighbors in X, and also observe that the
y; vertices form an independent set since they pairwise have common neighbors. We conclude
that X together with the y; vertices induce a cube in G, contradicting our claim. We conclude
that G has VC-dimension at most 3 as desired. O

This now quickly gives the upper bound of Theorem 5.19.

Proof of 6,(C3) < 1/3. Let G be a triangle-free graph with 6(G) > |V(G)|/3 and let G’ be any
maximal triangle-free graph containing G. By Theorem 5.20 G’ has VC-dimension at most 3,
which by Lemma 5.18 implies that

X(G) < x(¢') =0(1),
proving the result. [

Our proof above not only shows that d,(C5) < 1/3 but in fact shows the stronger fact that
any triangle-free graph with 6(G) > |V(G)|/3 has bounded chromatic number. One can push
this argument further to show that triangle-free graphs with 6(G) > |V(G)|/3 — O(1) have
bounded chromatic number, which was first done by Luczak and Thomassé [?] using this VC-
dimension based approach. In this same work, [?] introduced a variant of the classical notion
of VC-dimension which was utilized by Allen, Bottcher, Griffiths, Kohayakawa, and Morris [?]
to fully determine 4§, (F) for every graph F.
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Before moving on, we briefly consider a variant of the chromatic threshold motivated by The-
orem 5.20 originally introduced by Huang, Liu, Rong, and Xu [?].

Definition 9. Given a graph F', we define the VC threshold oy¢(F) to be the infimum over the
set of all § > 0 such that every maximal F-free graph G with §(G) > 6|V (G)| has VC-dimension
at most Os(1).

We emphasize that this definition requires G to be maximal, which is needed to rule out G
being a dense random bipartite graph. Note that Lemma 5.18 implies oy (F) > 0, (F) and
that Theorem 5.20 implies dy¢(C3) < 1/3. Again one trivially has dyc(F) = 0 whenever F is
bipartite, and it is known that dyc(K,) = 2=2 for all r [?]. An argument spiritually similar to
that of Theorem 5.20 was made by [?] to show dy¢(Cy) < 3 for all (odd) ¢, with the authors
using this result to prove tight bounds on another variant of the chromatic threshold. It remains

open as to whether or not this upper bound on dy¢(Cy) is tight for odd cycles in general.

5.4 Fractional Transversals and Weak e-nets

In many applications it is useful to work with weaker notions of transversals whose size can be
made much smaller than 7(F). We look at two examples here.

We begin with a linear relaxation of transversals. For a set system F with ground set V', we
say that a map f: V — Rxq is a fractional transversal if ) .. f(v) > 1 for all ' € F, and we
define the fractional transversal number 7 (F) to be the smallest value of ) f(v) amongst all
fractional transversals f. For example, if F is the graph cycle Cs on vy, ..., vs then the function
f(v;) = 3 for all i is a fractional transversal which shows 7*(C5) < 2 < 7(C5) = 3. Intuitively
this fractional transversal corresponds to including “half” of each vertex in the transversal set
which maintains that every edge of C; intersects this transversal set in a sum total of at least
1 vertex.

Just like how transverals were naturally related to matchings, the notion of fractional transver-
sals are intimately linked with fractional matchings. Formally, a fractional matching of a set
system F is a function f : F — Ry satisfying > .. f(F) < 1 for every vertex v, and we
define the fractional matching number v*(F) to be the largest value of > .. f(F) amongst all
fractional matchings f. A standard application of linear programming duality (the details for
which we will not go into here) yields the following.

Proposition 5.23. For every set system F we have

For arbitrary set systems it is possible for 7*(F) to be substantially smaller than 7(F). However,
they are always close to each other for set systems of bounded VC-dimension.

Theorem 5.24 (Haussler-Welzl 11 [?]). If F is a set system which has VC-dimension at most
d, then
7(F) < O (dr*(F)log 7" (F)) .
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Our naming of this theorem comes from the fact that this is a strengthening of Theorem 5.14.
Indeed, the hypothesis min|F| > 6|V| of Theorem 5.14 implies that the map f(v) = (§|V])~}
for all v is a fractional transversal and hence 7*(F) < 6!, so the bound given by Theorem 5.24
is always at least as strong as that of Theorem 5.14. In fact, it turns out that Theorem 5.24 can
be easily derived from Theorem 5.14, making the results essentially equivalent of each other.

Sketch of Proof. Let f be a fractional transversal of F with ) f(v) as small as possible. Take
a “blowup” set system F’ of F by taking a large integer N and replacing each v € V with
approximately f(v) - N copies of itself, and then replacing each edge F' € F with an edge F’
containing all of the copies of each vertex originally in F. Observe that this new set system
still has VC-diemnsion at most d, as no set containing two copies of a given vertex from V
can ever be shattered. Also observe that if F” € F’ is a blow up of some F' € F, then
|F'| = > ,ep J(0)N > N by definition of f being a fractional transversal. Since the groundset
of F' has size > f(v)N = 7*(F)N, we conclude that mingcr |F| is at least a § := 7%(F)~!
fraction of the size of the groundset of F’, so by Theorem 5.14 F' has a transversal of size at
most O (d7*(F)log 7*(F)). It is not difficult to see that this translates to a transversal of the
size for the original system F, giving the result. O

While fractional transversals can be significantly smaller than transverals, they can still be far
too large for many natural settings. Notably, geometric problems often involve set systems with
v(F) = oo which forbids any hope of finding small (fractional) transversals. One can sometimes
get around this obstacle by, in the spirit of Theorem 5.14, only trying to intersect the “large”
elements of F.

With this in mind, let F be a set system with ground set V. For any multiset M C V| we
say that a set T C V is a weak e-net with respect to M if F NT # O for every F' € F with?
|FF'N M| > ¢|M|. That is, weak e-nets are transversals for the edges of F which are “large”
with respect to M. If we further have T' C M then we say T is a strong £-net.

One can alternatively replace M by a probability measure.

For example, the statement of Theorem 5.14 implies that if F has VC-dimension at most d,
then F has a strong e-net with respect to M = V of size O(g log %) (here we implicitly use
that 7' C F obtained by removing edges of size less than ¢|V| still has VC-dimension at most
d). In fact, the existence of small strong e-nets is essentially equivalent to F having small
VC-dimension.

Proposition 5.25. Let F be a set system of VC-dimension d.

(a) For any 0 < e < 1 and multiset M of vertices there exists a strong e-net with respect to
M of size at most O(4log?1).

(b) For any 0 < & < 1 there exists a multiset M such that every strong e-net with respect to
M has size at least (1 — €)d.

2To be clear, |M| is the sum of the multiplicities of each point in M and |F N M| is the sum of the
multiplicities of each point of M which also lies in F. Thus for example if FF = {1,2,3} and M = {1,1,1,2,5}
then |Fn M| = |{1,1,1,2}| = 4.
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Proof. The proof of (a) is identical to that of Theorem 5.14 with V' replaced by M throughout.
For (b), let S be a set of d vertices which is shattered by F, which exists by definition of F
having VC-dimension d. Let M = S with each vertex being given multiplicity 1.

We claim that every strong e-net 7" with respect to M must contain more than (1 —¢)d vertices
of M. If this were false for some 7', then S\ T" would contain at least ed vertices of S. By
definition of S being shattered there exists some F' € F with FF'N.S = S\ T. By definition F is
disjoint from 7" despite having |F' N M| = |F'N S| > ¢|S], a contradiction to T" being a strong
e-net. The claim thus holds, proving (b). O

In view of Proposition 5.25, we can only guarantee small strong e-nets for set systems of bounded
VC-dimension, which is a case we already knew how to handle by Theorem 5.14 for the stronger
notion of transversals. Importantly, there are set systems with infinite VC-dimension for which
there exist bounded sized weak e-nets. For example, this holds for F the set system of all
convex subsets of R? as we will see later on in the notes. In such cases we can upper bound
the transversal number by a function of the fractional transversal number, similar to that of
Theorem 5.24 in the following technical sense.

Proposition 5.26. Let F be a set system, let T.(F, M) denote the smallest size of a weak e-net
with respect to the multiset M, and define

t(e) = sup T(F,M).
M:|M|<oo
For every finite subset F' C F we have

T(F) S t(r(F) 7).

We emphasize that this result is typically only useful when the sets of F has unbounded size,
as otherwise the relation

/ < . ! < L ¥ ! — e /
7(F) < max|F| - v(F) < max|F| - v*(F) = max |[F| - 7(F7)
typically does better.

Sketch of Proof. Let us assume for simplicity that F’ has a finite ground set V; it is not
difficult to reduce to this case because |F’| is finite. By definition there exists a fractional
transversal f : V' — Rxq for 7" with } . f(v) = 7*(F’). For simplicity we will assume f is
rational valued, say with f(v) having common denominator N for all v, and again this is not
a significant assumption due to us either using approximations by rationals or through basic
facts from linear programming.

Define a multiset M by giving each v € V multiplicity equal to f(v)N and let T be a weak
7*(F')"t-net with respect to M of size at most ¢(7*(F’)~!), which exists by hypothesis. We
aim to show that 7" is a transversal for 7'. Indeed, for any F' € " we have ) . f(v) > 1 by
definition of f being a fractional transversal, and hence

IFAM| =) f)N>N=r(F)" - (F)N =r(F)"-|M|.
veV

Since T is a weak 7*(F")"!-net it follows that T intersects F', and since F' was arbitrary this
implies 7" is a transversal. O
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This property is a key component of the original proof of the famous (p, ¢)-theorem which we
discuss later in these notes as well as of its various extensions.

5.5

1.

Exercises

For all integers r, v > 1 construct an r-uniform F with v(F) = v and 7(F) = rv [2-].
Prove that if F is an intersecting family then 7(F) < mingcr |F| [1+].

(Gyérfés) Prove that if F is a set system where every edge has size at most r, then for
every set of vertices S the number of transversals 7" of F with S C T and |T| = 7(F) is
at most r™F)=ISI [2].

(Erd6s-Lovész) Prove that if F is an r-uniform intersecting family with 7(F) = r then
|F| <" [2].

Recall that given a family F C 2[") and an element i € [n], we define for each F € F the
squashed edge

F\{i} ieF, F\{i} ¢ F,

F otherwise,
and the squashed family
s_i(F)={s_i(F;F): F e F}.
(a) Prove for all 7 and sets of vertices X that |Tr, 7 (X)| < |Trz(X)| [2].

(b) Use this to prove the Sauer-Shelah lemma (Hint: use the exercises from Section 3 to
compress F to a downset) [2-].

(c) Construct a family F C 2" such that for all 4, there exists X C [n] with Tr,_, (7 (X) €
Trz(X); this shows that (a) can not be strengthened to a subset relation like we had
with shifting and shadows [1].

. The Sauer-Shelah Lemma upper bounds the number of sets that F C 2" can have before

it contains a set S of size d with |Tr(S)| = 2¢, and it is natural to ask what bounds one
obtains when we replace 2¢ with a smaller value.

To this end, prove that if 7 C 2" has |F| > 1 +n + n?/4, then there exists some S C [n]
of size 3 with |Tr(S)| > 7 (Hint: reduce to F being a downset as in the previous problem
and use Mantel’s Theorem from graph theory) [2-].

Let F be a set system with VC dimension d.

69



8.

9.

10.

11.

(a) Prove that if F' is a set system obtained by adding some number of edges of size at
most k to F, then F" has VC dimension at most d + k + 1 [2].

(b) For all k, construct an F’ as above with VC dimension equal to d + k + 1 [14]

Let F, F' be two set systems on the same ground set V' such that each set system has
VC-dimension at most d. We consider various operations on this family which play nicely
with respect to VC-dimension.

(a) Show that the complement family F := {V \ F': F' € F} has VC-dimension at most
d [1].

(b) Show that any subfamily F C F has VC-dimension at most d [1].

(c) Show that the intersection set system Zr z = {FNF' : F € F, F' € F'} has
VC-dimension at most O(d) (Hint: prove that for any set X we have |Trz, ,,(X)| <
Trr(X)] - | Trz (X)) [2].

(d) Define the dual set system F* to be the set system with ground set F together with
|V| edges of the form F := {F : v € F'} for each v € V. That is, this is the set
system obtained by interchanging the roles of vertices and edges, and it can also be
thought of as the set system whose incidence matrix is the transpose of F. Prove
that F* has VC-dimension at most 29*1 — 1 (Hint: observe that it suffices to prove
that if 7* has VC-dimension at most 2¢ then F has VC-dimension at most d) [2+].

(Packing Lemma) Prove that if 6 > 0 and if F is a set system with ground set V' and
VC-dimension at most d such that every pair of distinct sets F, F' € F has symmetric
difference |[FAF'| > §|V], then |F| = O(6~%) [3].

Prove that if F is a set system with ground set V and VC-dimension at most d, then for
all § > 0 there exists a partition F; U -+ U F,, with m = O(6~%) such that for all 7 and
distinct F, F’ € F;, we have |FAF'| < §|V| [2+].

We say that a set system F with ground set V' has a fractional perfect matching if there
exists a fractional matching f : 7 — Ry with ) ., f(F) = 1 for every v € V. Prove that
if F has a fractional perfect matching and if |F| < r for every F' € F, then v*(F) > |V|/r
[1+].
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Part 11

Linear Algebra and Polynomial
Methods

Roughly speaking, the linear algebra method in combinatorics works as follows:
1 Associate a “linear algebraic object” M to your problem (e.g. a matrix or a list of vectors).
2. Determine algebraic information about M (e.g. its rank, eigenvalues, eigenvectors),
3. Use this algebraic information to conclude something about your original problem.

The linear algebra method applies to a broad range of problems. We only scratch the surface

here, and we refer the reader to books by Babai and Frankl [?] and by Matousek [?] for a more
thorough treatment of this versatile method.
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6 Modular Intersections

We begin with a classical application of the linear algebra method: Oddtown.

Consider the following (somewhat whimsical) setup. The city of Oddtown has a number of
clubs, each of which follows the following odd set of rules: each club must have an odd number
of people, and every two distinct clubs must have an even number of people in common.

The main question now becomes: if Oddtown has n people, what’s the maximum number of
clubs it can have? Equivalently, if 7 = {F}, Fy,..., F,,} C 2" is a set system such that |F}] is
odd for all 7 and such that |F; N F}| is even for all ¢ # j, then what is the maximum size of F?

A very simple construction is to take F; = {i} for all 4, which trivially satisfies the stated
conditions. However, it’s far from the only construction. For example, if n is even one can
also take each F; to be either {i} or [n]\ {i}, and there are many, many more constructions
achieving a bound of n (in fact, there’s close to 2" non-isomorphic constructions due to Szegedy
|7, Exercise 1.1.14]).

Given all of these constructions, it seems plausible that (1) the true answer is indeed n, and
(2) proving this might be difficult (since we have to come up with an argument that somehow
deals with all of these constructions in a unified way). Fortunately, the linear algebra method
manages to give a unified approach for all of these constructions in an extremely elegant way.
More generally, if a given problem has many distinct looking extremal constructions, then it is
often the case that the linear algebra method can come in handy.

Theorem 6.1 (Oddtown). Let F C 2" be a set system such that |F| is odd for all F € F and
such that |F N F'| is even for all F # F' € F. Then |F| < n.

Proof. Given a set F' C [n], define its characteristic vector yr € Fjy by having (xp); = 1 if
i € F and (xr); = 0 otherwise. Note crucially that for any F, F’, the dot product satisfies

(XF,Xr) =|FNF| mod 2.

We claim that {yr : F' € F} is a set of linearly independent vectors. Indeed, say we had

Z Arxr = 0.

FeF

Take any F’ € F and apply the dot product on both sides to get

Z Ar(xrF, xr) = 0.

FeF

By the observation above and the hypothesis of the theorem, we see (xr, xz') = 0if F' # F’" and
that (x, xr) = 1. Thus the above says A = 0, and as F’ € F was arbitrary, we conclude
that these vectors are indeed linearly independent.

Since we have | F| linearly independent vectors in F%, we must have |F| < n, giving the result.

]
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Since that was so clean, let’s give another (essentially equivalent) proof of this result using
slightly different language, which in some situations might be simpler to think about.

Proof. Write F = {F},...,F,} and let M be the m x n matrix over Fo which has M, ; = 1 if
J € Iy and M; ; = 0 otherwise. Let L = MM?T. We claim that L is the m x m identity matrix.
Indeed, one can verify that L, ; = |F; N F;| mod 2, so the hypothesis of the theorem gives this
claim.

Using the general fact
rank(AB) < rank(A) < #columns of A,

which is valid for any two matrices A, B for which AB makes sense; we see that we can apply
this with A = BT = M to conclude that

m = rank(1,,) < rank(M) < n,

proving the result. O]

While the proof of Oddtown is extremely nice, one might complain that the problem itself is
rather ad hoc. Here we give a far reaching generalization of the Oddtown problem which, in
addition to being nice on its own, has a number of important applications.

To this end, we adopt the following (non-standard) notation. For an integer p and a set
L C{0,1,...,p— 1}, we say that a family F is (p, L)-modular intersecting if |F| mod p ¢ L
for all F € Fandif [FNF'| modpe L forall FF# F' € F.

For example, a family is (2, {0})-modular intersecting if and only if it follows the rules of
Oddtown. By following a somewhat similar strategy as in Oddtown, we can prove the following.

Proposition 6.2. For any prime p and L C {0,1,...,p — 1}, if F C 2" is (p, L)-modular
intersecting then
IL| .
n+t—1
A=y (M),
i=0

Proof. Similar to before, we define the characteristic vector xr € Fj by having (xr); = 1
if i € F and (xr); = 0 otherwise, and we again observe that (xp, xp) = |F N F’| mod p.
Unfortunately we can’t conclude that these vectors are linearly independent like we could in
the Oddtown case, but we can do this if we generalize our vectors somewhat.

To this end, for each I € F, define the polynomial pr : F) — F, by
pr(@) =[] (e @) = 0).
teL

Note that by hypothesis, we have pp(xp) = 0if F # F' € F (since (xr,xr) = |[FNF'| =/
mod p for some ¢ € L) and that prp(xr) # 0 (since |F| # ¢ mod p for any ¢ € L).

We claim that the polynomials {pr : F' € F} are linearly independent. Indeed, say we had

Z Arpr = 0.

reF
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By plugging in xp for some F’ € F into both sides of this equality, the observation above
implies ¢ A = 0 for some cg # 0, and hence \p» = 0, proving the claim.

Observe that each polynomial pr has degree at most |L|. It is a basic exercise to show that
the dimension of the space of polynomials in n variables with degree at most |L| is equal to

Lilo ("Jrffl). Since we constructed a set of |F| linearly independent polynomials that lie in a

space of dimension Ziﬂo ("), we must have |F| < Ziﬂo ("*71), proving the result. O

The bound of Proposition 6.2 is close to tight: if L = {0,1,...,s — 1} then F = ([Z}) is
(p, L)-modular intersecting and has size (") =~ Y7, (”+;_1). However, one can do better by
refining our argument (though we emphasize that the present weaker bound of Proposition 6.2 is

typically all one needs for applications). For this there are two somewhat standard approaches.

6.1 Refinement #1: Multilinearization

Towards refining this proof/bound, one might first turn to the simplest case of p =2, L = {0}.
Since this is just Oddtown, we know the answer here should be n, but the bound we get is n+1.
By carefully analyzing the proof, one realizes that the one place our argument isn’t sharp is
when we argue about the dimension of the space spanned by the pr polynomials. Indeed, we
naively said that they lived in the space of degree at most 1 polynomials, but in fact they all
lie in the smaller vector space spanned by just the monomials {z;}, and this gives the optimal
bound.

We are thus left with the problem of trying to find a smaller subspace for us to work in while
achieving the same conclusion, and there are a couple of semi-standard ways of doing this. One
way is to try and find polynomials which are more “efficient”, i.e. of lower degree, for which
our conclusion still holds. And indeed, if we look back through the proof of Proposition 6.2,
we see that although our polynomials were defined to have codomain F;, we only fed them 0-1
vectors to show linear independence. As such, it would suffice to look at polynomials pr which
agree with the pp polynomials on 0-1 vectors, and this can be done simply by replacing each
x¢ in the expansion of pr by z; (i.e. by replacing pr by a multilinear function). For example,
if pp(Z) = 3z123 + 22322 then we would want to look at pp(T) = 3x129 + 27123. By using this
we can prove the following.

Theorem 6.3. For any prime p and L C {0,1,...,p — 1}, if F C 2" s (p, L)-modular

intersecting then
|L|

|f|§;(?).

This theorem was originally proven by Deza, Frankl, and Singhi [?], with the following simpler
proof due to Alon, Babai, and Suzuki [?].

Proof. Define pr as before, and define the multilinear polynomial pr by replacing each z{* in

the expansion of prp by z;. Note that pp(xr) = pr(xe) for all F’, so by the same proof as
before we conclude that the pr polynomials are linearly independent. Moreover, these linearly

74



independent polynomials all lie in the space of multilinear polynomials in n variables with degree
at most | L|, which is a space of dimension Ziilo (™). We thus must have | F| < ZEO ("), proving

the result. n

6.2 Refinement #1.5: Shrinking the Vector Space

The multilinearization refinement essentially makes use of the fact that the set of vectors pp
which are naturally defined to live in a given vector space V in fact live in a smaller (but
somewhat less natural) vector space V' C V. While mulitlinearization is perhaps the most
standard way to obtain such a V| there are other ways this idea can be used. We demonstrate
this with an application to discrete geometry, which is another area where linear algebraic
approaches can be quite useful.

We say that a set of points S C R” is an s-distance set if

Iz =7l :Z,5€ S, T#G} < s;

that is, if there at most s distinct distances between the points in S. For example, it is not
too difficult to show that if S C R™ is a 1-distance set then |S| < n + 1 with this being best
possible by considering a regular simplex (e.g. a line in R, a triangle in R?, and a tetrahedron
in R3). However, even for s = 2 the answer is unknown. We use a linear algebra approach of
Larman, Rogers, and Seidel to get a pretty good bound for this.

Theorem 6.4. If S C R" is a 2-distance set then |S| < (n+4)(n+ 1).

It is an exercise to show that there exist 2-distance sets with |S| = (";rl), so asymptotically

this bound is best possible.

Proof. Let S be a 2-distance set, say with its two possible distances being dq, d,. If either of
these distances are 0 then S is a 1-distance set and hence |S| < n + 1, so we may assume
dl, d2 > 0.

Similar to our set system setup; for each § € S, we want to construct a small polynomimal
pg(Z) which is non-zero when ¥ = ¢ and is 0 when 7 € S\ {¢}. After some thought around the
hypothesis of the theorem, one is perhaps led to define

pg(@) = (17 = 71* = (I = FI* = d3) = Q_ (i —v:)* = dD)(D_ (2 — 9:)* — ).

It is straightforward to check that p;(y) = d?d3 # 0 and pz(Z) = 0 for any other Z € S, and as
such it is straightforward to check that these polynomials are linearly independent. It follows
then that |S| is upper bounded by the dimension of the span of the p; vectors.

Observe that each py(Z) is a polynomial of degree at most 4 in n variables, and the vector
space V of such polynomials has dim(V') = O(n*) which is far larger than what we were hoping
for. However, a closer inspection shows that every py(Z) polynomial has the exact same term
of degree 4, namely (3 z?)?. As such, the py(&) vectors live in the smaller subspace V' C V
consisting of the span of all degree at most 3 polynomials in n variables together with (> 2%)?,
giving the much better bound dim(V’) = O(n?).
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A more careful analysis in this direction shows in fact that each py(Z) is the span of the following
types of polynomials: (i) (3. x2)%, (i) (O a?)z;, (iil) 2, for ¢, j possibly equal, (iv) z;, and
(v) 1. The total dimension of the vector space V" spanned by these 5 types of polynomials
is 1+n+ (") +n+1=2%(n+4)(n+1). Because the |S| polynomials py(Z) are linearly
independent and lie in V", we find that |S| < dim(V") = £(n+4)(n+1), proving the result. [

The current best bound for the 2-distance problem is (”;2) due to Blokhuis. They use the
exact same proof approach we used here together with the additional refinement of adding in

more polynomials.

6.3 Refinement #2: More Polynomials

The reader might complain that, although we have improved our bound for (p, L)-modular
intersecting families through Theorem 6.3, it still fails to be tight for Oddtown. As far as we
are aware, it is still an open problem as to whether the bound of Theorem 6.3 can be replaced
by |F| < (|Z) for all L, which would be tight whenever L = {0,1,...,s — 1}. However, such a
general requt is known to hold when F is uniform.

Theorem 6.5 (Frankl-Wilson [?]). For any prime p and L C {0,1,...,p— 1}, if F C ([:f}) is
(p, L)-modular intersecting, then
n
7= (7))
L]

We omit the proof of this result, which utilizes the powerful tool of incidence matrices, and
instead refer the reader to [?, Chapter 7] for a more thorough treatment. Instead, we will prove
a weaker version of this result which holds in the non-modular setting.

For this, given a set of integers L, we say that a set system F is L-intersecting if |F N F'| € L
for all distinct F, F’ € F.

Theorem 6.6 (Ray-Chaudhuri-Wilson [?]). If L is a set of integers and F C ([ﬁ]) is L-
intersecting, then
n
7= ()
L]

Proof. Note that we may assume L C {0,1,...,7 — 1} since these are the only intersections
that can actually occur, and in particular we may assume |L| < r.

Similar to before, we define polynomials pp : R® — R by pp(Z) = [[,c,((xr,¥) — £) and we
define pr to be their multilinearizations. As before, we find that these pr polynomials are
linearly independent, giving a bound of Ziilo (?) since these polynomials lie in the vector space
V' of multilinear polynomials of degree at most |L|.

Observe that the bound above fails to be sharp if and only if these pr do not span all of V. In
particular, to prove the result, it suffices to find a set of ZL];'(J_ ! (’:) polynomials of V' which are

linearly independent with the pp vectors.

Let’s say we were to write these supposed polynomials as g; for I C [n] with |I| < |L|—1; what
would be a good choice for these polynomials? To mimic the previous proof, we would like to
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have g;(xr) = 0 for all F' € F. Since all we know about the individual elements of F is that
they each of size r, perhaps a reasonable condition to demand is

ar(@) = g (%) (Z 7 — ) ,
j=1
where ¢} is some appropriate polynomial of degree at most |L| — 1. Indeed, if we do this and if

we have
Z ArDr + Z Argr = 0,
F I

then by plugging in yg into both sides of this equality we see that A\p = 0 for all F' € F,
which is a promising start to the argument. The next thing we want to do is choose these ¢}
polynomials such that the ¢; vectors themselves are linearly independent. One possibility is to

set
QI(f) = sz : <Z$J — 7“) .
iel j=1
Note that with this, for any set J C [n] with |J| < |L| —1 < r, we have ¢;(xs) =01if I Z J,
and we have q;(x;) # 0 if I C J (here we implicitly use |J| <7 to ensure > ", (xs); — 7 # 0).

With this in mind, say we had
Z )\IQI = 07
I

and let J be a smallest set such that \; # 0. By plugging x; into both sides of this expression,
the observation above implies that we get c;A; = 0 for some ¢; # 0, and hence A\; = 0,
a contradiction. We conclude that the ¢; polynomials are linearly independent, and hence
all of the polynomials {pr}r U {qs}; are linearly independent vectors. Unfortunately the g;
polynomials aren’t in V', i.e. aren’t multilinear, but this can be easily remedied by considering
{pr}rU{q:}1, and again we conclude that these vectors (in V') are linearly independent, giving
the desired bound on |F|. O

We note that the exact proof as written almost goes through if instead of demanding |F| = r
for F' € F, we only demand |F| = r mod p. In particular, the current proof will go through for
this variant of the problem if we further assume r ¢ [|[L|—1] mod p (which holds ife.g. |L| < r),
but without this assumption we can’t assume ¢;(x) # 0 whenever I C J. Nevertheless, it does
turn out that this bound continues to hold under the weaker hypothesis |F| = r mod p, but
the proof of this ends up being somewhat more involved and we refer the interested reader to
[?7, Theorem 5.37].

6.4 Refinement #2.5: Even More Polynomials and Stability

It has recently been observed that even more polynomials can be added to the proof of the Ray-
Chaudhuri-Wilson Theorem above, giving both stronger bound as well as effective “stability”
results.
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To motivate this refinement, let us look back at the current argument. There we introduced
multilinear polynomials pr of degree |L| corresponding to each F' € F along with polynomials
qr of degree at most |L| corresponding to each I C [n] of size at most |L| — 1. To refine
this argument further, we would need to introduce some additional multilinear polynomials of
degree at most |L|, and naively it perhaps makes the most sense to have these polynomials be
associated to subsets of [n] like our current set of polynomials. Since these polynomials must
have size at most |L| and since every set of size at most |L| — 1 has already been accounted
for by the g7, the most natural choice would be for our new polynomials to correspond to sets
J e ([”]) of size exactly |L|, and given this, seemingly the only reasonable polynomial for us to

|L]
ry(@) =[]

use would be
jeJ

since it was essentially this same polynomial that we used to encode each set I C [n] of size
less than |L|. However, we now have an issue: the polynomials ¢; had an additional factor of
> x; — k to guarantee that ¢;(x») = 0, but we can no longer add this term to the r; since we
need these polynomials to have degree at most |L|. As such, we will not have r;(xr) = 0 for
every J € ([3]) and F' € F. The crucial observation, however, is that this will hold for some
choices of J, and as such these polynomials can be added in to improve the bound of Ray-
Chaudhuri-Wilson theorem. In particular, we will have r;(xr) = 0 for every F' € F precisely
if J is not a subset of any F' € F.

Motivated by the above, given a set system F and an integer s, we define the s-th shadow 0°F
to be the s-uniform hypergraph where a set S of size s is in 9°F if and only if there exists some
F' € F which contains S as a subset. Formalizing our logic above gives the following refinement
of Ray-Chaudhuri-Wilson, which is essentially due to Gao, Liu, and Xu [?].

Theorem 6.7 ([?]). If L is a set of integers and F C ([Z]) is L-intersecting, then

7= () - |(2p) Vo)

Sketch of Proof. Define the polynomials pr for F' € F and q; for I € (<[T£|) exactly as we do in

the proof of Ray-Chaudhuri-Wilson. Further, for each non-shadow J € (I[Z]I) \ Ol F we define
ry(z) =] jesTj- One can check exactly as before that these polynomials will be linearly

independent of each other, giving the stated bound since we added an additional |(|[Z]) \ O F|
polynomials compared to our previous argument. O

From this we immediately get the following result, which can be seen as an L-intersecting
generalization of a special case of Katona’s intersecting shadow theorem [?].

Corollary 6.8. If L is a set of integers and F C 2" is L-intersecting and k-uniform, then

HF| > | F).

In addition to Corollary 6.8, Theorem 6.7 has the advantage of reducing the problem of bounding
the size of a largest k-uniform L-intersecting family to the combinatorial problem of bounding
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how large the non-shadow of such a family can be, and in some cases this new problem can be
solved more effectively than the original. In particular, this can be done in the simplest case
when L = {t,t+1,...,k—1}, i.e. when F is t-intersecting. Moreover, this sort of proof naturally
yields the following stability result, implying that every “near-extremal” t-intersecting family
must behave quite similarly to the unique extremal construction.

Theorem 6.9 ([?]). If F C ([Z]) is t-intersecting, then either

Fl< (kft) - ("k‘_?’f) o)

or there exists a set of t vertices T C [n] such that every edge of F contains T. In particular,
for n sufficiently large we have |F| < (77}).

Proof. Let J = (k[r_z}t) \ Ot F be the non-shadows of F. If || > ("73’“) then by Theorem 6.7

k—t
we have |F] < (,",) — (%), and as such we may assume from now on that | 7| < ("°F).

Let Fy be an arbitrary element of F. Observe that |([72fl)] > ("k_ftk) > |J|, and hence there
exists some (k — t)-set Sy C [n] \ Fy which is not in J, i.e. which is contained in 9*~'F. By
definition this means there exists some F, € F which consists of Sy together with some set of
t vertices T'. Because F is t-intersecting and S5 is disjoint from Fi, we must have Fy N Fy, =T.

It remains now to show that every edge of F contains this set 7.

To this end, let F3 € F be an arbitrary edge. Again we have that |(["]\(F}€L11;2UF3))\ > ("kigtk) >
||, so there exists some (k —t)-set Sy C [n]\ (F1 U FyU F3) in the shadow of F, meaning there
is some edge F; € F consisting of S, together with some set T} of size exactly t. Because F is
t-intersecting and S, is disjoint from F}, Fy, F3, we must have F; N Fy = T, for all i = 1,2, 3.
In particular this implies Ty C Fy; N F, =T, and since both T}, T are sets of size t we conclude
that Ty = T', proving that every edge F3 contains T as desired. O

n—3k

With a slightly more careful analysis one can easily prove the same result with ( ) replaced

k—t
by (”_]ffj%). More generally, it is natural to ask just how large |F| can be if it does not have
every edge containing a common t-set. In particular, the t = 1 case is covered by the following

famous result of Hilton and Milner [?].

Theorem 6.10 (Hilton-Milner). If F C ([Z]) is intersecting and n > 2k, then either there
exists an element v € [n] contained in every edge of F, or

n—1 n—k—1
F| < — 1.
| |_(k:—1> ( k-1 >+
This upper bound is best possible, as can be seen by considering the set system F consisting of
the edge F' = {2,3,...,k + 1} together with every k-set that contains both 1 and an element
from F'. There by now a wide array of proofs of the Hilton-Milner theorem. Here we will briefly
outline an argument in the same spirit as that of Theorem 6.9 due to Ge, Xu, and Zhao [?] who

in fact proved far more than just the Hilton-Milner theorem using this approach. As the exact
details are a little complex, we will only give a very hih-level sketch of the underlying details.
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Sketch of Proof. Let F be a k-uniform intersecting family on [n], say without loss of generality
that 1 € [n] has the maximum degree in F. The key idea is to partition F into two sets Fy, F;
with F7 consisting of all the elements containing 1 and J, containing the rest of the elements.
Letting J; consist of the (k —1)-sets which are not shadows of F;, we have from the exact same

argument as above that
n
Fi| < — .
Fi< (") -1

In fact, we can do slightly better than this by using the fact that F; is essentially a set system
on an n — 1 element subset (since every element of F; is guaranteed to contain 1). Thus by
using a slightly more involved argument and letting J{ C J; be the set of non-shadows not

containing 1, one can show that
n—1
< _ !
71 (3 2)) -1

712 (1) - 190+ 1
Similar to before, we automatically get an effective bound on |F| now if | 7| — | Fo| is large, and
otherwise we can perform a structural analysis implying that F is contained in a star. For this
structural analysis, it is important that we are working with the modified quantity | J]| — | Fo|
rather than just the set of non-shadows of F directly, as the functional |J/| — |Fo| allows us to
play the two quantities | J]| and |Fy| off of each other. O

which in total implies that

6.5 Exercises

1. Show that the vector space of polynomials in n variables of degree at most d has dimension

Z?:o (n+f_1) [1+].

2. Many examples of the linear algebra method require one to show that a set of functions
P1,---,Pm from a set S to a field F are linearly independent over F. We discuss some
standard ways to check this.

(a) (Diagonal Criterion) Prove that if for all j there exists some s; € S with p;(s;) =0
for i # j and p;(s;) # 0 then py, ..., p,, are linearly independent over F [14].

(b) (Triangular Criterion) Prove that if for all j there exists some s; € S with p;(s;) =0
for i < j and p;(s;) # 0 then py, ..., p,, are linearly independent over F [1+].

3. The Oddtown problem considers families with |F| =1 mod 2 and |F N F'| =0 mod 2.
Here we consider the other three natural variants of this problem.

(a) (Reverse Oddtown) Determine the largest size of a family F C 2"l satisfying |F| = 0
mod 2 for F € F and |[FNF'| =1 mod 2 for distinct F, F" € F [2+].
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(b) (Eventown) Determine the largest size of a family F C 2I"l satisfying |[F| =0 mod 2
for F € Fand |[FNF'| =0 mod 2 for distinct F, F' € F (Hint: let V denote the
span of the characteristic vectors of F over F§ and show that V C V+; what does
that say about the dimension of V'7) [2].

(¢) (Reverse Eventown) Determine the largest size of a family F C 2["l satisfying |F| = 1
mod 2 for FF € F and |[FFNF'| =1 mod 2 for distinct F, I’ € F [2].

4. Let F C 2" be a set system which is {/}-intersecting, i.e. which has |F N F’| = ¢ for all
distinct F, F' € F.

(a) Prove that if each F' € F has |F'| > ¢+ 1 then |F| < n (Hint: show that the charac-
teristic vectors xp are linearly independent by showing (3. Apxr, Y pArxr) > 0
whenever the Ar are not all 0) [2+].

(b) (Non-uniform Fischer inequality) conclude that all {¢}-intersecting families F C 2[l
with ¢,n > 1 have |F| <n [1].

5. In this exercise we construct large s-distance sets.

(a) Prove that for all s > 1 there exists an s-distance set S with [S] = (") [1+].

(b) Prove that for all s > 1 there exists an s-distance set S with [S| = ("!') (Hint:
Most likely your construction for the previous part lies in an (n — 1)-dimensional

hyperplane) [2].
6. Prove that every 2-distance set S C R" has [S| < (";2) (Hint: Show that one can add

the polynomials 1, z1, ..., z, to the current proof while maintaining linear independence)
[3-].
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7 Hoffman Bounds

Given a graph G, its adjacency matrix A is the matrix whose rows and columns are indexed
by V(G) with A,, =1if u ~v and A, , = 0 otherwise. While A is a natural way to encode a
graph G, it is not at all obvious that its spectral properties should tell you anything about G,
but remarkably this turns out to be the case! One of the most famous examples is Hoffman’s
bound, which gives an upper bound on the independence number of a regular graph in terms
of its eigenvalues.

Lemma 7.1 (Hoffman). Let G be a non-empty n vertex d-reqular graph and A its adjacency

matriz. Then
CY(G) < _/\min

n _d_/\min’

where Apin denotes the smallest eigenvalue of A.

Proof. Let I be an independent set of size & = a(G) and let = be the characteristic vector with
r; =11if 7 € I and z; = 0 otherwise. Observe that because I is an independent set, we have

I'TAJZ = inAi,jmj = Z Ai,j = 0
i ijel
Let vq,...,v, be an orthonormal eigenbasis for A with eigenvalues A1, ..., \,. Since G is regular,

the all 1’s vector 1 is an eigenvector with eigenvalue equal to d, so we can assume v; = 1/y/n
and \; = d. Writing z = >_ ¢;v; for some real numbers ¢;, we see that

a=zx"r= Zc?,
a/vn = (z,v) = c.

Putting all of this together, we find
0=2a"Azx =27 Z CiA\U; = Z i = (/n)d + Z )\
i#1
> (0®/n)d+ Y i = (a®/n)d + (o = * /1) Ay
i#1

and

Dividing both sides by a and rearranging gives
a()\min - d)/n Z AInin-
Dividing both sides by Apin — d (which is negative since d > 0 > A;,) gives the result. ]

This result gives yet another proof of Erddés-Ko-Rado.

Sketch of Proof of Erdés-Ko-Rado. Let G be the graph with vertex set ([:]) where two sets
are adjacent if and only if they are disjoint. Observe that independent sets of G are exactly
intersecting families, so Erdds-Ko-Rado is equivalent to saying that

= (20)
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provided n > 2r. In this case, one can verify that G has eigenvalues (—1)7 (";ﬁ;J ) for0<j<r

(each appearing with multiplicity (’;) — (jfl)), and hence

)\min:_(n—r—l):_ r (n—r)
r—1 n—r\ r

Since G has (:‘) = ﬂ("_l) vertices and is regular with degree (";T), plugging things into

r—1

Lemma 7.1 gives o(G) < ("~]) as desired. O

r—1

Perhaps the biggest constraint in Lemma 7.1 is the need for G to be regular, which we used
in this proof to guarantee that the all 1’s vector is an eigenvector, allowing us to extract
a = (z,1). We can get around this issue if we change how we measure independent sets. To
this end, given a graph G together with a vector w indexed by V(G) and a set of vertices I,
define |I], = >_,.; w?, and define o, (G) = maxy |I],, where I ranges over all independent sets

of .

With this we can generalize Lemma 7.1 by both allowing G not to be regular, and by allowing
A to be a “pseudo-adjacency matrix.” It will also be important for our main application to
allow GG to have loops, where we emphasize that no independent set of G can contain a vertex
which has a loop.

Lemma 7.2. Let G be a graph with loops and M a matriz such that M, ; = 0 whenever i o j
and such that M has a basis of eigenvectors. If Apin is the smallest eigenvalue of M, and if w
1 a unit eigenvector of M with eigenvalue X > Apin, then

_/\min

< —
a’LU(G) - >\min - )\

The proof of Lemma 7.2 is nearly identical to that of Lemma 7.1; we leave the details as an
exercise to the reader.

In order to use Lemma 7.2, we need a problem where we care about independent sets which are
weighted in non-standard ways. Motivated by our application of Lemma 7.1, we will do this
for a weighted version of the Erdos-Ko-Rado Theorem. Specifically, we will give a new proof of
the p-biased Erdés-Ko-Rado Theorem. For this we recall that the p-biased measure of a family
F C 2" is defined by

pp(F) =Y (1 —=p)"FIplF,

FeF

and we also recall the statement of Theorem 2.7.

Theorem 7.3. If F C 2I"l is intersecting and p € [0,1/2], then pu,(F) < p.

We give a spectral proof of this due to Friedgut [?] which has the advantage of giving stability
results with a more careful analysis, though we omit doing this here.

Proof. Mimicking our proof of EKR using Lemma 7.1 described above, we define the graph G,,

on 2" where two sets are adjacent if and only if they are disjoint. Note that G,, has a loop at
the vertex (). Again, independent sets of G,, are intersecting families, and proving Theorem 7.3
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is equivalent to showing a,,(G,) < p where w is the vector defined by wg = /(1 — p)»~FlplF|
which is a unit vector.

To complete the proof using Lemma 7.2, it remains to cook up a pseudo-adjacency matrix M,
which in particular has w as an eigenvector. To develop some intuition, we focus on the case

n = 1. Here (57 is just an edge where one vertex has a loop, so the M; we are looking must

have the form M; = [: ;

is symmetric (though this is not required to use Lemma 7.2), at which point we can scale M
appropriately so that it has the form
c 1
Ml - [1 0:| 9

for some value ¢ to be determined. Again, we must have that w = (/1 — p, \/p) is an eigenvector
for this matrix, which means there exists some A with Aw; = cw; + wse and with Awy = wy.

Plugging things in, we see that A = y/(1 — p)/p, and hence that
[lp _ [ P
M, = P 1-p 1
1 0
We also observe that the other eigenvector of this matrix is w’ = (/p, —y/1 — p), which has

eigenvalue ' = —/p/(1 — p). Plugging this into Lemma 7.2, we find

p/(1—p) I
VA=p)/p+p/A=p) 1—p+p

proving the result when n = 1.

. To limit our search space, we will try to find such a matrix which

ap(G) <

D,

It remains to generalize M; to work for larger n. While it is not hard to do this directly, we
will do this in one go with the following linear algebra fact about tensor products.

Claim 7.4. Given real symmetric matrices By, By with rows and columns indexed by Vi, Vs
respectively, define the tensor product matrix By ® Bs by having its rows and columns indexed
by Vi x Vo with (Bl ® BQ)(i17i2)u(j17j2) = (Bl>i17j1(BZ)i2,j2'

If uy, ... upy and vy, ... vy, are orthonormal sets of eigenvectors for My, My with u; having
eigenvalue yi; and v; having eigenvalue \;, then the vectors u; ® v; defined by (u; ® V5) (ke ka) =
(wi)k, (vj)k, are an orthonormal set of eigenvectors for My @ My with eigenvalue pu;\;.

This is pretty easy to prove once you unwind the definitions. With this in mind, we inductively
define M,, = M,,_1® M, (i.e. M, is the nth tensor power of M;). Equivalently, this is the matrix

defined by (M,)sr = 0 whenever S NT = () and which has (M,)s7 = (/=2 — /&) 15VTI

P 1-p
otherwise. The point is that by the lemma above, the vector w with wg = (1 — p) (= ISD/2plSI/2
is an eigenvector corresponding to the eigenvalue ((1 — p)/p)™2. Further, if p < 1/2, then we
have

Ain = min(=1)'(p/(1 = p)) (1 = p)/p)"~* = =/p/(1 = p)) - (1 = p)/p) "~ /2.
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Plugging this into Lemma 7.2 gives

p/(L=p)) - (1 —p)/p)n—172
(1 =p)/p)"+ /p/(1=p)) - (1 = p)/p)—1/2

proving the result. O]

aw(Gn) < =D

With some work, one can extend this approach to work for t-intersecting families. Unfortunately
the most naive approach of solving the problem for n = 1 and then tensorizing does not work
since the n = 1 case is too small to capture the situation for ¢ > 1. The way Friedgut gets
around this in [?] is by doing linear algebra over the ring R[X]/(X* = 0) instead of just R. In
this setting, he roughly considers matrices where the S, T entry is equal to cg 7 X ISOTT for some
real number cg 7, which makes it so that these entries are 0 whenever |[S NT| > t. A lot of the
steps become more intricate in this setup, but eventually everything ends up going through.

7.1 Exercises

1. Prove Lemma 7.2 [1+].
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8 Polynomial Methods

Roughly speaking, the polynomial method is the method of using polynomials to solve problems,
though there is no real agreed upon definition of what does and does not constitute an instance
of this method.

One might argue that the modular intersection chapter used this method, in that we obtained
our results by cooking up a system of (low degree) polynomials which “encoded” our problem,
i.e. by choosing them so that the roots of the polynomials corresponded to intersections being
of a given size. Over the next two chapters we will look at two other systematic ways one can
take (low degree) polynomials which “encode” a problem and translate them into bounds: slice
rank and combinatorial Nullstellensatz. We note that these two methods are independent of
each other and can be read in any order.

8.1 Slice Rank

In the previous chapters we considered proofs using linear algebra. Here we go a step further
and use multilinear algebra.

To this end, given a set S and an integer k, we let S*¥ denote the set of all k-tuples of elements
of S. Given a field F, we will say that any function of the form f : S* — F is a k-tensor. Note
that when & = 2, we can express f as a matrix whose rows and columns are indexed by .S,
and as such we can think of k-tensors as “higher order” matrices. Our main goal here is to use
“ranks” of tensors to obtain bounds for combinatorial problems, analogous to what we did in
our second proof of Oddtown.

There are various non-equivalent ways one can generalize the notion of rank from matrices to
tensors. One way is through slice rank. For this, we say that a k-tensor f is a slice if

flxr, .o xg) = glz)h(xy, .o 21, Tty - - Tk),

where i is some integer, g is a 1-tensor, and h is a (k — 1)-tensor. Note that when k = 2, slices
are exactly rank 1 matrices, i.e. the outer product of two vectors g and h. We define the slice
rank sr(f) of a k-tensor f to be the smallest integer r such that f can be written as the sum
of r slices. Again note that in the case k = 2 this exactly corresponds to the usual notion of
rank.

Although not every property of matrix rank carries over to the setting of slice rank, one impor-
tant property that does is the fact that the slice rank of a “diagonal tensor” equals the number
of non-zero entries it has. To this end, we say that a tensor is proper diagonal if f(Z) # 0 if
and only if x; = z; for all 4, j.

Lemma 8.1. If f : S* — T is a proper diagonal k-tensor, then sr(f) = |S].

Proof Sketch. We first show the bound sr(f) < |S| which in fact holds for any (not necessarily
diagonal) tensor f. For each a € S, let g,(z) be the 1-tensor with g,(a) = 1 and g,(b) = 0

otherwise. We observe
f<f> = Zga(‘rl)f(a7 X, ... 71:16)7

a€sS
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proving that f has slice rank at most |S| as desired.

The proof of the lower bound sr(f) > |S| is a somewhat fiddly induction argument that takes
about two pages to do; we refer the reader to a nice writeup by Martinez [?, Lemma 2.2.9] for
the full details. ]

Our general approach using Lemma 8.1 will be as follows. Given a set S with some desired
properties, we

(i) Use the properties of S to construct a proper diagonal k-tensor f : S* — F which is
“simple” (e.g. a polynomial of low degree), and

(ii) Using the fact that f is “simple”, we find some explicit way to write f as the sum of r
slices.

In total, these two steps and Lemma 8.1 imply
S = sr(f) <,

giving an effective bound on sets S with our desired properties. This sort of approach was first
used by Croot, Lev, and Pach [?] and was then adapted by Ellenberg and Gijswitj [?] before
being systemetized by Tao [?].

We will use the general approach outlined above to give very short proofs of two problems
which were previously thought to be incredibly difficult. Throughout this section, we suggest
before the reader goes through each proof that they first sit down and try to construct an f as
in the framework outlined above in order to solve the problem.

8.1.1 The Capset Problem

Given an abelian group G, we say that a triple of elements (z,y,2) € G® forms a 3-term
arithmetic progression (or 3AP for short) if y — z = z — y, and we say this is a non-trivial 3AP
if we do not have r = y = 2. A fundamental question in additive combinatorics is to determine
how large a subset S C GG can be if it contains no non-trivial 3AP. For example, Roth’s theorem
famously says that when G = Z such a set must have density 0.

Another natural case to consider is F), for prime p. The case p = 2 is trivial (if S C Fy contains
two distinct elements x, y, then (z,y, z) forms a non-trivial 3AP). As such, the first interesting
case is to look at F%, and in this setting sets S C F% without non-trivial 3AP’s are referred to
as cap sets. Using a difficult Fourier analytic argument, Bateman and Katz [?] showed that
capsets can have size at most O(3"/n'*¢) and Edel [?] gave the best known lower bound of
about 2.2". At one point Tao mentioned that this capset problem was perhaps his favorite
open problem and that he thought the answer was probably (3 — o(1))". It was thus a major
shock when Ellenberg and Gijswijt [?] gave a remarkably short proof showing an upper bound
of (3—¢)".

Theorem 8.2 (Ellenberg-Gijswijt [?]). For all primes p, there exists a real number e > 0 such
that any set S C I which contains no non-trivial 3AP has |S| < (p —¢)".
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Again, the reader is encouraged to try and come up with a tensor f which might work to give
the result before going through the details of this proof.

Proof. For slight ease of notation we only deal with the case p = 3, the proof for general p being
almost identical. As outlined above, our goal will be to use S to construct a proper diagonal
tensor f of low degree. Given the inputs of the problem, perhaps the most natural tensor to
consider is one of the form f : S® — F3, where again we want to ensure that if z,y, z € S then
f(z,y,2) # 0 if and only if z = y = 2. Critically, because of our hypothesis that S contains no
non-trivial 3AP, we see that we want f(x,y,z) # 0 if and only if z,y, z is a 3AP, and as such
our goal is essentially equivalent to constructing an f which is the indicator function for 3AP’s!

By definition, (z,y, z) is a 3AP if and only if y — x = z — y, and rearranging gives z — 2y + z =
0. As such, we're essentially left with the problem of constructing an indicator function for
x — 2y + z # 0, or equivalently that x; — 2y; + z; # 0 for all i. And this is somewhat easy:
simply take

flay,2) =[]0 = (@i = 20 + 2)°),
i=1
which one can readily check is an indicator function for 3AP’s in S, and hence is a proper
diagonal tensor.

It remains to estimate the slice rank of f. That is, we want to show that f can be written as
the sum of a small number of functions of the form e.g. g(x)h(y, z). To this end, we make the
observation that by the definition of f given above, each of its monomials has degree at most
2n, and as such each of its monomials has one of its z-degree, y-degree, or z-degree is at most
2n/3. The idea now is to group each of these monomials with the same low degree variable and
then bound the slice rank of each of these groups by using the low degree variable.

To be somewhat more precise, given a vector a € {0, 1,2}", define z® = [[ 2}, and similarly
define y® and 27. Let |a| := >y, and let M denote the set of all triples (a,3,7) with
a,B,v € {0,1,2}" and |a| + |5] + |y] < 2n. Observe that each monomial of f is of the form

12yP 27 for some (o, 8,7) € M.

Let M, C M be the set of triples with |a| < 2n/3, let M, C M\ M, be those with |3| < 2n/3,
and let M, C M\ (M, UM,) be those with |y| < 2n/3. As noted above, M, UM, UM,
partition M. Given a with |a| < 2n/3, define the polynomial

hoz(Q, Z) = Z Ca,ﬂ,’yyﬂz’ya
Byy:(a,B,7)EMy

where ¢, g, is the (possibly 0) coefficient of z%¢y”2 in f. Similarly define hs(z, 2) and h,(z,y).
By definition and the fact that M, U M, U M, partition M, we have

fy,2)= > 2%haly,2)+ Y VPhalw,2)+ D 27hy(z,y).

a:la|<2n/3 B:18|1<2n/3 ~:|y|<2n/3
With this, we conclude that the slice rank of f is at most 3 times the number of terms in each

sum, which is equal to the number of vectors a € {0, 1,2}" with |a| < 2n/3. It is not convince
oneself that the number of such vectors is at most (3 — &)™ for some ¢ (essentially because a
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random « € {0,1,2}" behaves like the sum of two bionomial random variables, and this will
very likely have sum close to n > 2n/3), proving the result. O

In the simplest non-trivial case p = 3 one can go through the analysis above and get an
upper bound of roughly |S| = O(2.756") for sets S C F% not containing a capset. It turns
out that this upper bound continues to hold for a slightly more general problem: we say that
three sets X,Y,Z C F% contain no rainbow 3AP if the only 3AP’s (z,y,2) € X XY x Z are
trivial. One can show that the above proof yields that if X, Y, Z contains no rainbow 3AP then
| X+ Y|+ |Z| = O(2.756"™), and moreover there exist constructions that essentially match this
upper bound. Thus any improvement to the bound for capsets has to somehow utilize that we
only allow triples from S? and not from three distinct sets. We refer to the interested reader
to the nice survey article by Grochow [?] for more on this topic.

8.1.2 Nonuniform Sunflowers

In the setting of uniform hypergraphs, the famous Erdos-Rado sunflower conjecture says that
there exists a constant C' = C(p) such that every r-uniform hypergraph with at least C”
hyperedges contains a sunflower with p petals. Here we consider an analogous conjecture in the
non-uniform setting due to Erdds and Szemerédi [?]: there exists a constant € = €(p) > 0 such
that for all n > 7!, every F C 2" with at least (2 — )" edges contains a sunflower with p
petals. This conjecture turns out to be weaker than the Erdds-Rado sunflower conjecture [?].

The slice rank method allows us to give an easy proof of this non-uniform sunflower conjecture
when p = 3.

Theorem 8.3 (Naslund-Sawin [?]). If F C 2" does not have a sunflower with 3 petals, then

IFl<3n+1) Y (?) < 1.89".

t<n/3

Proof. Let S be the set of characteristic vectors corresponding to the edges of F. As a first
attempt for this problem, one would probably try to work with the set S directly to construct
a tensor f, but this causes some technical issues to pop up.

To get around these issues, we let S, C S be those characteristic vectors with r 1’s. The insight
here is that max, |S,| < |S] < (n+ 1) - max, |S,|, so up to some negligible factor it suffices to
bound the size of each S, set. This will allow us to get around the previously mentioned issues.

With this in mind, our goal is to construct a 3-tensor f with domain S2 such that f(z,y,2) # 0
if and only if x = y = z. The crucial insight is that if we do not have x = y = z, then there
exists some ¢ such that x; + y; + z; = 2. Indeed, if this were not the case and x,y, z were all
pairwise distinct from each other, then this would imply that every i is either contained in 0,
1, or 3 of the sets z, y, z, which would imply these distinct edges form a sunflower with 3 edges.
If, say x = y # z, then the non-existence of such an ¢ would imply x C z, a contradiction to
x # z both being in S,, i.e. both having the same number of elements.
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With this observation in mind, we see that our desired f is essentially the indicator function
for [no coordinate 7 having x; + y; + z; = 2|. Thus we can take f : S* — F by defining

n

=1

and one can easily check that if F does not have characteristic 2 then f is a proper diagonal
tensor given that S, C S contains no 3-sunflowers. It thus remains to bound the slice rank of
f. Similar to before, we observe that each monomial of f has either x, y or z degree at most
n/3, so by a similar trick as before we conclude

max|[S,| < sr(f) <3 ) <Z> < 3.9nH/3)

t<n/3

where H(p) = —plog,(p) — (1 — p)log,(1 — p) is the binary entropy function. Evaluating this
(and multiplying by n + 1) gives the desired upper bound. O]

8.2 The Combinatorial Nullstellensatz

The main idea of the previous subsection was to construct low degree polynomials f that were
capable of encoding any set S with a given property, and from there we used slice rank to show
that any such set S must be small in terms of deg(f). In this subsection we take a different
approach: we construct polynomials f in terms of some given set S (generally with f having
degree |S|), and then use the properties of S to argue that f must have relatively small degree.

To emphasize, in the previous subsection we constructed f which was independent of the specific
S we were given, but here we construct f which will be based off of the S given to us. This is
somewhat reminiscent of the approach we took with modular intersections.

The main tool we use for this new approach is the following result of Alon’s, which is inspired
by Hillbert’s Nullstellensatz theorem from algebraic geometry. Roughly speaking, it says that
if f has small degree, then f can not vanish on a large cartesian product.

Theorem 8.4 (Alon’s Combinatorial Nullstellensatz [?]). Let F be a field and f € Flzy, ..., x,]
a polynomial. If dy,...,d, are non-negative integers such that deg(f) = > .d; > 0 and such
that the monomial fo has a non-zero coefficient in f, then for any sets A; C F satisfying
|A;| > d; for all i, there exist elements a; € A; such that f(ay,...,a,) # 0.

For example, when n = 1 this result gives the elementary fact that a polynomial f(x) of degree
d can not vanish on a set of more than d elements. The result is best possible in general, as
can be seen by taking the function [ [, 4, (21 —a)g(zs, ..., zy,) for any set A; C F and function
g. In what follows, we will somewhat informally write the conclusion of this statement as
f(A1, ..., A,) # 0, and we will also write f(Ay,...,A,) = 0 whenever this conclusion fails to
hold.

Proof. We give a short proof due to Michalek [?] by induction on deg(f), the case deg(f) =1
being straightforward. Let f, dy,...,d,, and Ay, ..., A, be as in the hypothesis, and assume we
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have proven the result for all polynomials of degree smaller than deg(f) > 1. Without loss of
generality, we can assume d; > 1, and we let a € Ay be an arbitrary element. Using polynomial
division, we can write

flzr, .. xn) = (21 —a)g(zq, ..., xn) + bz, ..., 2p)

such that deg(g) = deg(f) — 1 and such that h does not depend on z;. If we assume for
contradiction that f(Ajy,...,A,) =0, then in particular we have

0= f({a}, As, ... Ay) = 0+ h({a}, As, ..., Ayp).

Because h does not depend on 1, this implies h(A1,..., A,) = 0. Again using that h does not
d

depend on z; and the hypothesis of the theorem, g must have a monomial :v‘lh_l I, 21 x;' with a
non-zero coefficient, so by induction we can find some (ay,...,a,) € (A1 \ {a}) x Ag x--- x A,
which g does not vanish on. Note that h(as,...,a,) = 0 by our previous observation, so in
total we conclude that f(ay,...,a,) = (a1 — s)g(ai,...,a,) # 0, a contradiction. O

The Nullstellensatz has a lot of different parts to it, and because of this it can be used in a
variety of different ways. One standard way is to show that a set S satisfying certain properties
is large by constructing a polynomial f over a field F such that:

(i) There exists some “natural” product Ry X- - -x R, which f vanishes on given the properties
of S, and

(i) If |S| is small, then there exist integers d; < |R;| such that ) d; = deg(f) and f has a
non-zero coefficient for the monomial [] xfi; this step is usually aided by f having terms
of degree |S| or more generally some function of |S|.

Observe that the existence of d; as in (ii) together with (i) would contradict the Nullstellensatz,
so we must have |S| is not small, i.e. that |S| is large. An identical framework can be used to
show sets S are small by changing “small” in (ii) with “large.”

In what follows we look at a few examples all using this general framework, with many more
being found in Alon’s original paper [?]. We note that in most cases, proofs of these results
were known before the introduction of the combinatorial Nullstellensatz, but this tool allows
for elegant and unified solutions to all of them. Again, the reader is encouraged to try and
figure out which polynomial to use before reading each proof.

8.2.1 Cauchy-Davenport

We begin with a basic problem in additive combinatorics. Given two subsets A, B of an abelian
group G, we define A+ B ={a+b:a€ A, be B}. If G=7Z, then it is not difficult to
show that |A+ B| > |A| + |B| — 1, which is best possible. However, if G is a finite group, then
this bound no longer holds for the simple reason that one could have |A| + |B| — 1 > |G|. The
Cauchy-Davenport theorem says that this is the only obstruction for F,,.

Proposition 8.5 (Cauchy-Davenport). If A, B CF, for some prime number p, then |A+ B| >
min{ || + |B| — 1,p}.
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Proof. Because we want to lower bound |A + BJ, it makes sense to try our Nullstellensatz
framework with respect to S = A + B. Perhaps the most natural product of sets to associate
with A+ B is A x B. Thus in view of (i), we want to construct a 2-variable polynomial which
vanishes on all of A x B, and thinking of (ii) we perhaps want this polynomial to have degree
|S| = |A + B|. After some thought, one is perhaps led to the polynomial

fy)= 1] @+y—o

ceEA+B

which is taken over the field I, and this is easily seen to vanish on A x B.

To complete the proof, we assume for contradiction that A+ B is small, which in the context of
the theorem means |A+ B| < min{|A|+|B|—2,p—1}. We now aim to find integers d; < |A| and
dy < |B] with d; + dy = |A + B| and such that the monomial 2%y has a non-zero coefficient.
There are not too many natural options for d; one can consider given these constraints, and
eventually one is perhaps led to consider d; = |A| — 1 and dy = |A+ B| — |A| +1 < |B| -1,
where the inequality comes from our assumption on A + B. It is not difficult to see that the
coefficient of %y in f is equal to (H’:ngl‘). Crucially, because |A + B| < p, this binomial
coefficient is not a multiple of p and hence is non-zero. We can thus apply the Nullstellensatz

with A; = A, Ay = B to conclude that f(A, B) # 0, a contradiction to how we defined f. [

8.2.2 Covering the Hypercube

How many hyperplanes in R" does it take to cover all of the points of the hypercube {0, 1}"?
It is not difficult to see that the minimum you need is 2. To make things more interesting, we
ask the following variant: how many hyperplanes do you need to cover all of {0,1}"\ (0,...,0)
such that none of the hyperplanes contain (0,...,0)? It is not difficult to show n hyperplanes
suffice, but proving this is best possible is not as easy. However, this becomes doable with the
Nullstellensatz.

Theorem 8.6 (Alon-Fiiredi [?]). If hy, ..., hy, are hyperplanes in R™ which do not contain the
origin and which contain every other point of {0,1}", then m > n.

Proof. Again let us discuss what sort of parameters we might choose in applying the Nullstel-
lensatz. The most natural choice for field is probably R. Again our polynomial should be based
on the hyperplanes h; in some way, such as by defining a product over these terms. Motivated
by this, for each i let a; € R™ and b; € R be such that h; contains all of the points z € R”
satisfying (x, a;) = b;, and we note for later that b; # 0 for all j since the origin is not contained
in any h;. Then a natural polynomial f’: R™ — R to consider is

m

fa) =[] = (o ai)).

i=1

By hypothesis this polynomial f’ almost vanishes on the product {0, 1}" but it does not vanish
on the origin, and as such we can not directly apply our framework. However, we can fix this
through a common trick of adding a sort of “correction term” to this polynomial. Notably,
consider the modified polynomial
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m m n

fla) =TT = (xa)) = TJo; - [ - =0).

j=1 j=1 i=1

It is straightforward to check that f vanishes on all of {0,1}". Now if we assume for con-
tradiction that m < n — 1, then f has degree n due to the monomial []z; having coefficient
(—=1)" [ b; # 0 as noted at the start of the proof. Thus we can apply the Nullstellensatz with
A; ={0,1} for all i to conclude that f({0,1}") # 0, a contradiction to how we constructed f.
We conclude that we must have m > n as desired. O

We again emphasize the common Nullstellensatz trick used in this proof of having some “main
term” f’(x) in your polynomial which encodes the bulk of your problem together with some
additional “error term” which typically controls the degree of f provided |S| is small.

8.2.3 Regular Subgraphs mod p

Our last example concerns finding subgraphs of graphs which are “regular mod p”. The proof
will showcases a useful trick one can utilize together with the Nullstellensatz: over the finite
field F,, the function 1 — zP~! is the indicator function for z being equal to 0 (since zF~! =1
whenever z # 0).

Proposition 8.7. Let p be a prime. If G is an n-vertex graph with more than (p — 1)n edges,
then G has a non-empty subgraph H where every degree is a multiple of p.

We note that this problem still fits within the paradigm of our Nullstellensatz framework by
taking the contrapositive of the statement: if GG is a graph with no non-empty subgraph H with
degrees a multiple of p, then |E(G)] is small.

Proof. Again lets consider the parameters. We should take F = [F,. One might first consider
taking f : ;) — I, with our variables indexed by vertices of G, but in fact the more appropriate
domain is IF;(G) where each variable x, corresponds to an edge e € (G. This is because we
ultimately want to construct a subgraph of GG, which is most naturally thought of as a subset of
the edges. Since we want our edges to either be in or out of this subgraph, it seems most natural
to take our product sets to be A, = {0, 1}, where we’ll think of . = 1 meaning e € H. Similar

to the proof of Alon-Fiiredi, we will need to ensure f(0) = 0 so that H will be non-empty.

Given this setup, we need to cook up an f which encodes the degrees of our vertices being a
multiple of p in H. The degree of a vertex v in H is exactly equal to ) . z., and as noted
before the proof, we can turn this into an indicator function for being a multiple of p by taking
1— (3.5, ze)P . We again want to make sure we vanish at z = 0, so in total the function we

come to is
f(z) :H 1- (Z%) —H(l—:z:g_l).

v eV e

Note that the degree of the left term is (p — 1)n while the degree on the right is e(G) > (p—1)n.
Thus f is a polynomial of degree e(G) with [J2#?~! a monomial achieving this. Thus we can
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apply the Nullstellensatz with A, = {0,1} for all e to conclude there’s some x € {0, 1}#() on
which f does not vanish. By construction we know = # 0, and hence the graph H = {e : z. # 0}
is a non-empty subgraph of GG, which by construction has every vertex a multiple of p (since if
some vertex failed to have this, then we would have f(z) = 0). O

8.3 Exercises
1. One can in general define k-tensors to be any function f of the form f: S; x--- xS, = F

with F a field and each S; a (possibly distinct) set, and we can analogously define the
slice rank of such a tensor. Prove for such an f that sr(f) < min, |S;| [1+].

2. For two sets A, B C Z, we define A@ B={a+b:a€ A, be B, a# b}. Prove that if

p is prime, then |A & B| > min{|A| + |B| — 3,p} (Hint: construct a polynomial f(z,y)
which always vanishes when z = y) [2].
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Part 111

Discrete (Geometry and Topological
Methods

In what follows we assume almost no knowledge of geometry or topology.
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9 Convex (Geometry

9.1 The Fundamental Results

Convex geometry is the study of convex sets C, which are subsets of Euclidean space R? with
the property that for any two points z,y € C, the set C' contains the line segment from x to y,
that is

{te+(1-t)y:te0,1]} CC Vz,yel.

One way to construct convex sets is by taking the convex hull of a set of points. For a set
S C R?, we say that a point x € R? is a convex combination of S if there exists a finite set of
points vy, ...,v, € S and non-negative numbers Ay, ..., \, € R5y with Z:.L:l A; = 1 satisfying
Sor  Aiv; = x. We define the convez hull conv(S) of S to be the set of all convex combinations
of S. One can check that conv(S) is always convex, and in fact that it is the smallest convex
set containing S; see the exercises.

As written, a point x € conv(S) may naively need to be written as a convex sum Y \v;
involving a large number of points of S. It turns out however that a bounded number of points
always suffices.

Theorem 9.1 (Carathéodory’s Theorem). If S C R? and x € conv(S), then there exist S C S
with |S'] <d+1 and x € conv(S").

The bound d + 1 is best possible by considering S = {ey,...,eq,0} with e; the ith standard

basis vector and z = (i, e i)

For this and other problems in convex geometry, it will be useful to work in the language of
affine geometry. We say that points vq,...,v, € R? are affinely dependent if there exists real
numbers «a; not all 0 with Z?:l a;v; = 0 and Z?:l a; = 0, and otherwise we say these points are
affinely independent. For example, any two distinct points are affinely independent, any three
points not on a common line are affiniely independent, and any four points not on a common
plane are affinely independent. We leave the following as an exercise to the reader.

Lemma 9.2. Let vy, ...,v, € R%.

(a) These points are affiniely independent if and only if v1 — vy, ..., V1 — v, are linearly
independent.

(b) If n > d+2, then vq,...,v, are affinely dependent.
This last part of the lemma is exactly what we need to prove Carathéodory’s Theorem.
Proof of Carathéodory’s Theorem. By hypothesis of z € conv(S) we have x = Y | \jv; for

some v; € S and \; > 0 with Z?:l A; = 1. Choose such a sum with n as small as possible. If
n < d+ 1 then we are done, so we may assume n > d + 2.
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By Lemma 9.2(b), there exist o; not all 0 with >~ | a;v; = 0. By hypothesis there exist A; > 0
with > A\; =1 and 2 =), \;v;. Thus for any real ¢ we have

r = i )\ﬂ)i +0= i )\ﬂ)i + €i0&ﬂ}i = i()\l + €C¥i)’l)i.
=1 =1 =1 =1

A
lovi
€= —2— By definition \; +ea; = 0, and for all j # ¢ we have \; + ca; > 0 since \; > 0. We
also have > 7| Aj +ea; = 37 | Aj = 1, so in total we find that » ., (\; + ea;)v; is a convex
combination equal to x with one fewer non-zero term, a contradiction to our choice of n. We
conclude then that we must have n < d + 1, proving the result. O

Now take 7 to be an index with

as small as possible amongst indices with a; # 0 and let

Another fundamental result about convex hulls is Radon’s Theorem.

Theorem 9.3 (Radon’s Theorem). If S C R? is a set of at least d + 2 points, then one can
partition S into two disjoint sets Si,So C S such that conv(Sy) N conv(Ss) # (.

For example, if d = 2 and |S| = 4 then there are essentially two non-trivial cases to con-
sider: either conv(S) is a quadrilateral (in which case taking S; to be two opposite points
of the quadrilateral and Sy the other points makes conv(Si), conv(Sy) two intersecting lines),
or conv(S) is a triangle (in which case taking S; to be the vertices of the triangle and Sy to
be the remaining point inside the triangle works). The bound is best possible by considering
S ={e1,...,eq,0} with e; the ith standard basis vector.

Proof. Let S = {v1,...,v,} with n > d + 2. By Lemma 9.2(b) we know these points are
affiniely dependent, meaning there exist «; not all 0 with  «; = 0 and > a;v; = 0. We aim
to prove the result with S; = {v; : o > 0} and Sy = {v; : o; < 0}. By hypothesis we have
D nes; Qi = D, eg,(—;)v; where the coefficients on both sides are non-negative but which
may not sum to 1. To remedy this last point, let

A=Y =Y a0,
ity >0 J:a; <0
with the inequality using that not all the a; are 0. Observe then that
ZZ’UZ‘ = Z Tj?}j =X
v; €S vjESQ
and that these are both convex combinations of Sy and S, so x € conv(S;) Nconv(Sy), proving

the result. O

Radon’s Theorem can be used to prove many foundational results in convex geometry. For
example, it can be used in place of Lemma 9.2(b) to prove Carathéodory’s Theorem. It can
also be used to prove what is perhaps the most famous result from convex geometry.

Theorem 9.4 (Helly’s Theorem). If C is a finite collection of convex subsets of R? such that
every C' C C with |C'| < d+1 has (\gee C # 0, then Npee C # 0.
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That is, if every bounded set of elements of C has a common intersection then every element
of C has a common intersection. Its contrapositive is also useful to think about: if C does
not have a common point of intersection, then this fact is witnessed by some at most d + 1
elements which do not have a common intersection. Again d + 1 is best possible: if one takes
S = {vy,...,v441} with v; a standard basis vector and vgy; = 0 and if C; = conv(S \ {v;}),
then one can check that any d of the C; sets intersect (at some v; vertex in particular) but that
there exists no vertex in their common intersection.

Proof. We prove the result by induction on |C|, the case |C| < d+ 1 being trivial. Assume then
that C = {C4,...,C,} with n > d+2 is as in the hypothesis and that we have proven the result
for all smaller collections of convex sets. In particular, for each ¢ the collection C\ {C;} satisfies
the condition of the hypothesis, so inductively we know there exists some v; € ﬂca}\ (s C for
all 4. If v; = v; for some ¢ # j, then by construction v; = v; is in every set of C, proving the
result. Assuch, S = {vy,...,v,} is a set of n > d+ 2 distinct points. By Radon’s Theorem, we
can partition S into two sets S1,S2 such that there exists some z € conv(S;) N conv(Ssz). We
aim to show z € C; for all .

To this end, fix some i and say without loss of generality that v; ¢ S;. Since v; € C; for all
J # i, we have in particular that v; € C; for all v; € S;. It follows that € conv(S;) C C; since
conv(S) is the smallest convex set containing Si, finishing the proof. ]

We note that Helly’s Theorem is false in general if one allows |C| to be infinite, as can be seen
by considering {C'} = {(0,1/n) : n € N}. Useful infinite versions do exist, however, if we
impose some non-trivial topological conditions on the elements of C. For example, we leave the
following result as an exercise to the reader.

Theorem 9.5 (Infinite Helly Theorem). Let C = {C},Cs, ...} be a countable set of convex
subsets of R? such that Cy is compact and C; is closed for alli. If every C' C C with |C'| < d+1

has Neeer C # 0, then Noee C # 0.

Helly’s Theorem is a common tool for problems involving “local to global” properties of verifying
an entire set has some property provided each of its small subsets do. We give one such example
here which on its surface seems to have nothing to do with Helly’s Theorem. For this, we recall
that a hyperplane of R is a set of the form h,p, = {z : a- 2 = b} for some a € R? and b € R,
and we say that this hyperplane strictly separates two sets S, S’ if, say, a - = < b for all x € S
and a -2’ > b for all 2/ € 5.

Theorem 9.6 (Kirchberger’s Theorem). Let R, B C R? be a set of red and blue points. If for
every Y C RU B of size at most d + 2 there exists a hyperplane of R® which strictly separates
Y N R fromY N B, then there exists a hyperplane of R% which strictly separates

Proof. We want to prove this result using Helly’s Theorem, but Helly gives us a point with
certain properties and we want a hyperplane. As is common in applications of Helly’s Theorem,
we observe that our desired object (a hyperplane) can be represented as a point in some auxiliary
space. Namely, each hyperplane h,; can be encoded as the point (Z) in R4 (that is, this is
the point obtained by appending the real number b to the end of a), which suggests we should
perhaps work in R4*!. Thinking more, we ultimately want a hyperplane strictly separating

98



R, B, meaning we want some point (Z) with, say a -z < b for all z € R and a -z’ > b for all
2’ € B. Motivated by this, we define for each x € R the set

Cm:{<z> ERd+1:a-x<b},
and for each 2/ € B the set
a d+1 /
C’I/:{(b)ER ca-x’ > b}

It is not difficult to verify that these sets are convex. Moreover, by hypothesis of the theorem
we have that any d 4 2 of these sets have a point in their common intersection, so by Helly’s
Theorem their exists a point (Z) in the intersection of all the C,, C, sets. Such point exactly
corresponds to a hyperplane as in the conclusion of the theorem, giving the result. O

We have so far discussed what are arguably the three fundamental theorems in convex ge-
ometry: Carathéodory, Radon, and Helly. In the following subsections we discuss important
generalizations of these results together with their applications within discrete geometry and
beyond.

9.2 Colorful Carathéodory

We begin with a useful variant of Carathéodory’s Theorem due to Barany.

Theorem 9.7 (Colorful Carathéodory Theorem). If Sy, ..., Sz11 C R? and if v € conv(S;) for
all i, then there exists v; € S; for all i such that x € conv({vy,...,v411}).

The term “colorful” refers to thinking of the points of each S; set being given color ¢; in this
language the theorem says that if x is in the convex hull of each colored set, then x is in the
convex hull of a rainbow point set (i.e. a point set which uses one vertex of each color). Note
that when S; = S for all ¢ this recovers the original Carathéodory Theorem.

Proof. We first claim that it suffices to prove the result when each S; is finite. Indeed, by
hypothesis of € conv(S;) there exists some finite set of points vy, ..., v, € conv(S;) for which
x is a convex combination of, and by replacing each S; with such a finite subset we can reduce
our problem to the case of finite sets. As such we will assume each .S; is finite from now on.

We say a set of points R = {vy,...,v441} is rainbow if v; € S; for all i. Choose a rainbow
point set such that the distance from z to conv(R) is minimal; this distance is well defined
since conv(R) is compact, and the minimum is well defined since the point sets are finite. If
x € conv(R) then we are done, so we can assume this is not the case. Let y € conv(R) be a point
of minimum distance to x. Let h denote the hyperplane containing y which is perpendicular to
the line z and let H denote the closed halfspace containing h and not x

Observe that H must contain all of R. Indeed, if there were some y' € R\ H, then conv(R)
would contain the line segment yy’ since conv(R) is convex, and taking a point along this line
sufficiently close to y would give a closer point to x, a contradiction to how y was chosen.
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We claim that conv(R)Nh = conv(RNA). Indeed, conv(RNh) C conv(R)Nh is straightforward
to verify. On the other hand, it can be checked that any convex combination of points of R
which puts a positive weight on a point in R \ A must lie outside of h since every point of R
lies in H. The equality follows.

Note that conv(R) N h by definition lies in a (d — 1)-dimensional space. It follows from
Carathéodory’s Theorem applied to this smaller subspace that y € conv(R) Nh = conv(R N h)
can be written as the convex combination of only d points of RNhA, say vy, ..., vy without loss of
generality. Now by definition, x € conv(S4;1), and this means we can not have Sy.; C H since
x ¢ H. Therefore, there must exist some v}, ; € Sgi1 \ H. Because y € conv({vy,...,v4}), the
set R = {vy,...,vq,v,,} contains the line segment from y to v} ; ¢ H, and as before taking
a point along this line close to y gives a point closer to x. It follows that x is closer to conv(R')
than conv(R), a contradiction to how we chose R. It thus must be that = € conv(R), proving
the result. ]

The Colorful Carathéodory Theorem has a number of applications, both to geometry problems
as we will as to other “colorful” problems outside geometry. We illustrate a few examples of
this later phenomenon here.

Our first example comes from digraphs: we recall that an arc is a directed edge, a directed
2-factor on [n] is a set of arcs ay, ..., a, on [n] such that each vertex is the head of exactly one
a; and the tail of exactly one a;, and a directed cycle is an orientation of a graph cycle such
that every vertex is in the head and tail of exactly one arc.

Theorem 9.8 (Lovéasz). If Fi,..., F, are (possibly non-distinct) directed 2-factors on [n], then
there exist arcs ay, € Fy such that the digraph with arcs {aq,...,a,} contains a directed cycle.

In other words, if we color each arc of F}, by color k (with arcs given multiple colors if they lie in
multiple 2-factors), then the union of these n colored 2-factors contains a rainbow cycle, i.e. one
where each arc uses a distinct color. That there are “n” 2-factors in the theorem hypothesis
is best possible, since if F},..., F, 1 are each the same directed Hamiltonian cycle then no
rainbow cycle exists in their union.

Proof. We first prove the result under the slightly weaker hypothesis of there being n + 1 total
2-factors Fj, after which we briefly discuss the alteration needed to get n total 2-factors.

The key to the proof is in associating each arc ¢ — j with a point v;_,; € R". To this end, let
e; denote the ith standard basis vector of R" and define v;_,; := e; — e;. For each Fj, we let
Vi. = {v, : a € Fy} and observe that the 2-factor condition on Fj, implies

1
0= 5 e; —ej = E Vg = 5 —v, € conv(Vy),
jE[n] Ve €V va € Vi n

where the second equality uses that each j € [n] is the head and tail of exactly one arc of F.
Since the V, sets are n+ 1 sets in R™ with 0 in their convex hulls, we conclude from the Colorful
Carathéodory Theorem that there exist a; € Vj such that 0 € conv({va,,...,v,,,}), Which
means there exist \; > 0 summing to 1 with

0= Z )\kvak-
k
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We aim to show that the digraph with arcs aq,...,a,11 contains a cycle. To this end let
K = {k : Ay > 0} which is non-empty since >, \; = 1.

Claim 9.9. A vertex j € [n] is the head of an arc in {ay : k € K} if and only if it is the tail
of an arc in {ay : k € K}.

Proof. Assume for contradiction that j was the head of some arc in {a; : ¥ € K} but no
tail. In this case, the sum ), A\va, = >, o) Ak¥q, only has e; appearing with strictly positive
coefficients and no negative coefficients by definition of v,. This implies that the sum is non-
zero in its jth coordinate, a contradiction to the sum being equal to 0. An analogous argument
holds if j is a tail and not a head. m

With this, we see that the (non-empty) digraph whose set of arcs is {ay : kK € K} has the
property that every vertex in at least one arc has both in-degree and out-degree at least 1. It
is straightforward to show that any finite digraph with this property contains a directed cycle,
proving the result for n + 1 directed 2-factors.

To improve the n+1 total 2-factors down to n 2-factors, we observe that the set of points v, that
we consider live in a (n—1)-dimensional subspace of R”, namely the hyperplane {z : >, z;, = 0}.
By restricting our analysis to this hyperplane we can apply the Colorful Carathéodory Theorem
for d = n — 1 instead of d = n to obtain the result in full. m

In the application above we encoded directed edges by a difference e; — e;. We can similarly
encode non-directed edges by taking the sum e; + ¢;, allowing us to prove the following.

Theorem 9.10 (Drisko’s Theorem). If M,..., Mas,_1 are perfect matchings of K, ,, then
there exist integers 1 < ky < -+ < k, < 2n — 1 and edges fy, € My, for all 1 < j < n such
that fi,, ... fr, form a perfect matching in K, .

In other words, if we think of coloring the edges in each My by color k, then the conclusion is
that the union of 2n — 1 colored perfect matchings in K, , contain a rainbow perfect matching,
i.e. one where each edge uses a distinct color. The 2n — 1 is best possible as we discuss briefly
after the proof.

Proof. Let uy,...,us, denote the vertices of K, , with us,...,u, being on one side of the
bipartition and 41, . .., U2, being on the other. For each edge w;u; in K, ,, we define the point
Vuu; = €; + € where e;, e; are the standard basis vectors of R?", and for all 1 < k < 2n —1 we
let Vi, = {vy : f € M;}. Letting 1 denote the all 1’s vector, we observe for each k that

1 1

1= il
Z Ut € conv(Vg),
feMy

3

with this equality using that the edges of M, form a perfect matching of K, ,. Further,
we observe that every point v; lies in a common (2n — 2)-dimensional affine subspace of R*",
namely the one with Y, e, = 1 and Zi’in 41 €& = 1. By restricting ourselves to this subspace,
we find that the V} are 2n — 1 sets of a (2n — 1)-dimensional space with %1 in each of their
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convex hulls, so the Colorful Carathéodory Theorem implies that there exist f, € M, such
that 11 € conv({vy,,...,vp,,,}). This in turn means there exist A\, > 0 summing to n with

Z )\kvfk =1.

Now consider the subgraph G of K, ,, which has edges fi, ..., f,. We claim that this graph has a
fractional perfect matching, i.e. a fractional matching ¢ : E(G) — Rxq such that 3. ¢(f) =1
for all u. And indeed, defining ¢(f) = >_,., _; Ax is quickly seen to have this property. Because
G is a bipartite graph, it follows from Konig’s Theorem (plus the general relation v(G) <
v*(G) < 7(G)) that G has a perfect matching, and by construction this perfect matching must
be rainbow as desired. O

At this point we have seemingly only considered colorful problems for the sake of considering
colorful problems, but such problems often have connections to non-colored problems as well.
Indeed, Drisko’s Theorem implies the following classical result.

Theorem 9.11 (Erdés-Ginzburg-Ziv). If z1,..., 29,1 are elements of Z,, then there exist
1<k <---<k,<2n-—1 such thatzjxkj =0

Proof. Let uy,...,u, and vy,...,v, be the two vertex sets of the bipartition of K, ,. For each
xy, define a perfect matching My, of K, , to consist of all edges of the form u,;v;,, with the
indices written modulo n. By Drisko’s Theorem there exists a perfect matching, say using
edges UijVij yay, € M,,; for some appropriate k;. Because each vertex of each partition class
must appear exactly once in one of these edges, we must have

n n
g zj:E jEE ij +rp; mod n,
j=1 =1 j

where here the = uses that the indices i; + x,; are written modulo n. Moving things around
gives the desired result. O]

The 2n — 1 here is best possible, as can be seen by taking x; = 0 for n — 1 entries and x; = 1 for
n— 1 other entries; a similar construction shows the 2n — 1 is best possible in Drisko’s Theorem.

The statement of Drisko’s Theorem also has connections to transversals in Latin squares. Recall
that a Latin square is an n X n array where each entry is filled with a number from [n] with
the property that every row and every column of the array has (exactly one copy of) every
number from [n]. A transversal T is a subset of the entries of the array with the property
that T' contains at most one entry from any given row or column and at most one entry with
any given number. The famous Ryser-Brualdi-Stein Conjecture states that every order n Latin
square contains a transversal of size n — 1 when n is even and a transversal of size n when n is
odd. This result for n even was recently solved in breakthrough work of Montgomery.

The situation above can be written in the language of rainbow matchings of K, ,. Indeed, for
any Latin square we can color each edge u;v; of K, , by the symbol which appears in the ith
row and jth column of the Latin square. This gives a coloring of K, ,, by n perfect matchings,
and now transversals of Latin squares exactly correspond to rainbow matchings in this colored
K, . With this viewpoint, the following variant of Drisko’s Theorem would imply the n even
case of the Ryser-Brualdi-Stein Conjecture.
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Conjecture 9.12 (Aharoni-Berger). If My,..., M, are matchings of size n of a bipartite
graph G, then the union of these matchings contains a rainbow matching of size n — 1.

9.3 Tverberg’s Theorem

We next generalize Radon’s Theorem, which we recall says that any large point set S can be
partitioned into two sets Sy, Sy with conv(S;)Nconv(Sy) # 0. Given this statement, it is natural
to ask about partitioning S into r sets Si,..., S, with (conv(S;) # (. It is not difficult to
show that this is possible if |\S| is very large, but getting a tight bound is difficult. Such a tight
bound is the content of our next theorem.

Theorem 9.13 (Tverberg’s Theorem). If S C RY has |S| > (d+ 1)(r — 1) + 1, then one can
partition S into sets St, ..., S, with (), conv(S;) # 0.

The bound (d + 1)(r — 1) 4+ 1 is best possible essentially by considering r — 1 points which are
very close to each of ey, ..., ¢e4,0.

Tverberg’s Theorem is a difficult result: as Barany says in his book, there are “several different
proofs, none of them easy.” The approach we use considers a variant of the convex hull of a set
which is often easier to work with. For a finite set of points .S, define the cone

cone(S) = {Z QU ay, > 0}

veS

That is, this is the same as conv(S) except we no longer require Y «, = 1. In particular,
conv(S) C cone(S), and more generally cone(.S) consists of all points which lie on a ray from
the origin to a point in conv(S). The definition of a cone can easily be extended to infinite S,
but for ease of presentation we consider only finite sets.

Theorem 9.14 (Tverberg’s Theorem for Cones). If S C R4 has |S| > (d+1)(r—1)+1 and
0 ¢ conv(S), then one can partition S into sets Sy, ..., S, with (), cone(S;) # {0}.

We emphasize that our set S lies in R, not R? like before.

Proof of Tverberg Assuming Tverberg for Cones. Given S C R? as in the hypothesis, we define
a new set S’ C R¥! by replacing each v = (v1,...,vq) € S with v/ = (vy,...,v4,1) € R4,
We have 0 ¢ conv(S’) since any point in conv(S’) has a 1 in its last coordinate, so Tverberg’s
Theorem for Cones guarantees a partition S7,..., S, with some x # 0 in (), cone(S}). This
implies that each cone(S!) contains the entire ray from 0 to z, and in particular it contains the
point y on this ray with yg41 = 1. One can check that y € (), conv(S;) which in turn implies
that (y1,...,9a) € [)conv(S;) where S; is defined by projecting S! to R O

It remains to prove the result for cones.
Proof of Tverberg’s Theorem for Cones. The high level idea is to define a map ¢ which takes
points v in R¥! and maps them to 7-subsets {v™),... v} of RY for some appropriate N.

We can then think of picking an r-partition of S = {vy,...,v,} as picking for each i some copy
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’Uz-(j ) with the index 7 indicating v; belongs to the jth partition class. We will choose our map
® in such a way that an r-partition of S which has a point in the intersection of their cones
corresponds to the points v;’ ) having appropriate properties. Moreover, we will view each set
V= {vi(l), e ,vi(r)} as sets of points being given color 7, allowing us to make use of the colorful
Carathéodory Theorem.

()

With all this in mind, we construct the v;”’ vectors based on the following observation.

Claim 9.15. There exist vectors wy, ..., w, € R™™' with the property that > w; = 0 and which
are such that if u; are vectors in R*™! satisfying > ujw;‘-r =0, then u; = uj for all j,j'.

Proof. Take w; to be the jth standard basis vector of R™™! for j < r and w, to be the all
negative 1 vector. That ) w; = 0 holds is immediate. Observe that the ath column of the
matrix » uijT = 0 is ug — u,, and these will be identically 0 if and only if v, = u, for all a. [J

With this claim in mind, for every vector v € R*! and 1 < j < r we define vU) := ijT; that
is, this is the matrix in RE+DX(=1) whose (a, b)-entry is the ath entry of v times the bth entry
of w;. Note that each of these matrices in R+DI=1 can be viewed as vectors in RY with

N = (d+1)(r — 1), and we will consider both of these perspectives simultaneously.

Let S = {vy,...,vn11} be aset of points in R¥* as in the hypothesis, and for each 1 < i < N+1
let V; = {v!", ..., 0!}, Observe that

T T
() _ T _
E v =, E w; =0,
j=1 j=1

and in particular 0 lies in the convex hull of each V;. By the Colorful Carathéodory Theorem,
for each 1 < i < N 4 1 there exists some j; € [r] such that 0 lies in the convex hull of

{v%j 1), . ,v%\’j , which by definition means there exist A; > 0 such that >, \; = 1 and

Let S; = {v; : j; = j} and observe that the sum above equals

i ’iGSj 7 ’UiGSj

Let u; := Zviesj Aiv; so that in total the above says Zujij = 0. By our claim this is only

possible if there exists some vector u with u; = u for all j. By definition, u = u; = >, ¢ Av;

1€S;
is in cone(S;), so the theorem holds unless possibly u = 0.

Claim 9.16. Ifu; =) Aiv; =0, then \; =0 for all v; € S;.

v;€S;

Proof. 1f this were not the case, then since \; > 0 we have ) A; > 0, and hence

UZ'ESJ'
Ai

—)\Ui =0.
v; €55 Zvi/ESj v
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This is a convex combination of S; C S, implying 0 € conv(S) which we assumed not to be the
case at the start of the proof. ]

In total we conclude that the only way the proof can fail is if A\; = 0 for all v; € S for all j.
However, we have ) . A\; = 1, which is impossible if A; = 0 for all v; € S; since the S; partition
S. We conclude the result. O

We emphasize that the extra power of working with a cone came from the assertion that
U=} ;s Aiv; implies u is in cone(S;): if we were working with convex hulls we would somehow
have to balance the \; weights across each S; set to sum up to 1

Tverberg’s Theorem has a number of applications to partition-type problems. For example, we
can recover the following purely set-theoretic results of Lindstrom.

Theorem 9.17. Let Fy, ..., Fy C [n] be distinct non-empty sets.

(a) If N > (r — 1)n + 1 then there exist disjoint non-empty sets Jy,...,J. C [n] such that

U]EJIF - :UjeJr L.
(b) If N > (r — 1)(n+ 1) + 1 then there exist disjomt non-empty sets Ji,...,J. C [n] such
that both J;c;, Fy =+ =Ujes, Fj and (e, Fj = =iy, Fy-

Proof. Throughout we let e; denote the ith standard basis vector.

We begin by addressing (b) whose proof is slightly simpler. For each j € [N], define the point
vj = ZieFj e;. Since N > (r —1)(n+ 1) + 1, Tverbergs Theorem gives a partition Sy,..., S,
of {v; : 1 <j < N} with a point x € conv(S) for all k. By definition this means there exist
non-negative \; such that for all k we have >, ¢ A\j =1 and z = 3 ;.o Ajv;. Let Jp C [n]
denote the set of J with 7 € S, and A\; > 0, noting that Jj is non-empty since ZjeSk Aj=1
and that the Jj sets are disjoint since the Sk sets are disjoint. It is not difficult to see that for
all k& we have |J = {i:x; > 0} and that N = {i: x; = 1}, proving the result.

For (a), we define for each j € [n]| the point v; = |Aj|_1 ZieAj e;. Note that each of these
points v; lie in the (n — 1)-dimensional subspace where every coordinate adds to 1. Applying
Tverberg’s Theorem in this space gives a partition Si,...,S, of {v; : 1 < j < N} with a point
x € conv(Sy) for all k, and exactly as before this allows us to find disjoint .J; corresponding to
positive \; which satisfies | J = {i: x; > 0}, giving the result. O

jGJ ]EJ

]GJ
There are several important variants of Tverberg’s Theorem, one of which is its colored version.

Theorem 9.18 (Colorful Tverberg Theorem). For allr,d > 2, there exists an integert = t(d,r)
such that if C,...,Cqe1 C R are disjoint sets with t points, then there exist disjoint sets
Sy, ..., S, each containing exactly one point from each C; such that (;_, conv(S;) # 0.

We emphasize that this result (even with an optimal value of ) does not recover the uncolored
Tverberg’s Theorem, so it is really a variant and not a generalization of Tverberg.
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It is known that the Colored Tverberg Theorem holds with ¢ < 2r 4 1 for all r, d with stronger
bounds known for particular values of r. Every known proof of the full Colored Tverberg Theo-
rem uses topological methods. We will touch on these ideas briefly in forthcoming chapter along
with another important extension of Tverberg’s Theorem known as the Topological Tverberg
Theorem

9.4 Helly Variants

We next prove several generalizations of Helly’s Theorem. Our proofs use tools motivated
by the observation that Helly’s Theorem is very easy to prove for d = 1 when the convex
sets are compact. Indeed, if C is a set of pairwise compact intervals of R, then the point
v = mingec max,ec v (that is, v is the left-most right endpoint of an inerval) is in every
element of C since any C’ not containing v would have its left endpoint to the right of the
interval C achieving the minimum, contradicting the sets being pairwise intersecting.

To extend these ideas towards proving Helly’s Theorem for higher dimensions we need two
things: to reduce our problem to compact sets and to generalize the notion of a “maximum”
element of each convex set C'. We accomplish this first task through a general trick for Helly
problems known as reduction to polytopes. Here we say that a set K C R? is a polytope if K
is the convex hull of a finite number of points.

Lemma 9.19 (Reduction to Polytopes). Let Ci,...,C, be a finite collection of convex sets
in R, There exist polytopes K; C C; for all i such that every I C [n] with (.., C; # 0 has

ﬂie[ K; #0.

el

That is, we can always replace arbitrary convex sets with polytopes which have the same
intersection patterns as the convex sets.

Proof. Let T be the set of I C [n] with (,.; C; # 0, and for each such I let v; be an arbitrary
point in (,.; C;. Let S; = {v; : I € I, i € I} which is a finite set of size at most 2", and
define K; = conv(S;). Observe that each v; € S; has v; € (), Cy C Cj, so S; € C; and
hence K; = conv(S;) C C; since C; is a convex set. Also, for any I € Z we by definition have
vr € (N;er Si € Nier K, so the conditions of the lemma follow. O

To find the appropriate notion of a “maximum” element of our sets we use the following.

Lemma 9.20. There exists a total ordering < of RY such that (i) every non-empty compact
set C C R? has a unique mazimal element with respect to < and (i) for every point v € R? the
sets {u € R :u > v} and {u € RY: u > v} are both convex.

Proof. 1t is straightforward to check that these conditions hold when < is the lexicographical
ordering, meaning u < v if for the smallest ¢ with u; # v; we have u; < v;. We leave the details

as an exercise. O

As an aside, instead of Lemma 9.20 one can often work with a weaker lemma which says that
for every finite set of polytopes C there exists a partial ordering on R¢ such that (ii) holds and
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such that (i) holds with respect to every element of C. For this new lemma, a more intuitive
(partial) ordering can be constructed by ordering the points v based on the value for a - v for
a given vector a € R?, with this intuitively corresponding to us having u < v if and only if as
we sweep across R? in the direction of a we see u before we see v (similar to the R! case where
we scanned from left to right). In particular, one can check that a uniform random choice of a
satisfies the conditions of this weaker lemma with probability 1.

With some work one can use Lemmas 9.19 and 9.20 to give a new proof of Helly’s Theorem.
We omit doing this and instead use these together with Helly’s Theorem as a blackbox to prove
our generalizations, starting with a colorful version.

Theorem 9.21 (Colorful Helly Theorem). If Cy,...,Cqr1 are finite collections of conver sets

in R? with the property that ﬂf:ll C; # 0 for all choices of C; € C;, then there exists some i

with Neee, C # 0.

Note that this recovers Helly’s Theorem by taking C; = C; for all ¢, j. Unlike the other colorful
results, the hypothesis of this result is in terms of rainbow collections while the conclusion is in
terms of a single color class. This abnormality can be remedied by looking at the contrapositive:
if each C; has empty intersection then there exist C; € C; which have an empty common
intersection.

Proof. We claim that it suffices to solve the problem in the special case when every element
of Uf;’ll C; is compact. Indeed, because there are only finitely many convex sets we can apply
Lemma 9.19 to get compact subsets of each element of Uf:ll C; which preserves the desired
intersection properties. If we know how to solve the problem in this case, then there exists
some ¢ such that the compact subsets of C; have a point in a common, which means the sets of

C; have a point in common as well, solving the problem.

With the above in mind, we assume from now on that every set in Ufill C; is compact, and we
let < denote the ordering on R? guaranteed by Lemma 9.20. Recall that for the easy d = 1
proof of Helly’s Theorem for compact intervals, we let v = mingee max,cc u and argued that
if there was some set C’ disjoint from v then it would violate that every 2 elements intersect,
namely by considering the C' which achieved this minimum. In a similar spirit, our aim will be
to choose a point v and some i € [d + 1] such that if some C” € C; did not contain v, then we
can find some d sets which violates the hypothesis of our collection, namely sets C; € C; for
each j # i satisfying (., C; N C" = 0.

With this motivation in mind, for each i € [d+ 1] we say that a convex set C'is a —i intersection
if there exist C; € C; for all j # i with C = ﬂj# C;. For each such set we let vo denote the
unique maximal element of C' with respect to <, which exists by Lemma 9.20. Let v_; = ming ve
where the minimum ranges over all —i intersections. From now on we fix an ¢ such that v_; is
minimal over all choices of 1.

We claim that every C’ € C; contains v_;. Indeed assume this was not the case. Let C be a
—i intersection with v_; = vc and let Cj € C; be such that C' = (,; C;. Also consider the
set D = {u € R? : u > v_;} which is convex by Lemma 9.20. Observe that (1, C; N D =
{vc} = {v_;} since if any other point were in this intersection then it would violate vc being the
maximal element in (), , C;. It follows then that the collection {C", D} U{Cj; : j # i} of d + 2

107



convex sets has no point in its common intersection since v_; ¢ C” by hypothesis. By Helly’s
Theorem some d + 1 of these sets must have empty intersection. Since {C'} U{C} : j # i} has
a common intersection by hypothesis, and since {D} U{C}; : j # i} has a common intersection
by construction, it must be that there exists some i # i such that {C", D} U{C; : j # i ,i} has
no point of intersection. By hypothesis C' := N i3G50 C’ is a non-empty —i intersection and

hence has some maximal point v5. This point is not in D by definition of i, which means

V_j > Vs 2> V5,
a contradiction to how we chose i. We conclude that every element of C; contains v_;, proving
the result. O

We next prove a generalization of Helly’s Theorem which does not require every d + 1 sets to
intersect, but only that a large proportion of them do. In such a situation we can not hope
to find a point in the common intersection of every set, but we can find a point which is in a
sizable proportion of the sets.

Theorem 9.22 (Fractional Helly Theorem). For all a > 0 and integers d > 2 there exists some
B > 0 such that the following holds: if C = {C1,...,Cy,} is a finite multiset of convez sets in

R? such that the number of I € (dill) with (;c; Ci ;é (Z) is at least a( then then there exists

a point v € R? which is contained in at least Bn elements of C.

d+1)

We emphasize that our statement allows C to be a multiset, i.e. to have C; = C} for ¢ # j. This
will be useful in the following subsection.

Proof. By reduction to polytopes we may assume without loss of generality that each Cj is
compact and we let < be the ordering from Lemma 9.20. The argument works by a sort of
double counting argument based on the following.

Claim 9.23. If I € ( ”}) is such that (\;c; C; # 0, then there exists some J C I of size d

d+1
such that the mazimum element of (,.; Ci with respect to < equals the mazimum element of

ﬂieJ Ci.

That is, the maximum element of an intersection is always “witnessed” by a subset of size d,
which is somewhat similar in spirit to Carathéodory’s Theorem.

iel

Proof. The claim is immediate if C; = C; for any distinct ¢, j € I, so we may assume from now
on that the C; with ¢ € I are all distinct. Let v denote the maximum element of (),.; C; and
let D = {u € R?:u > v}. It is straightforward to see that the d + 2 sets {D}U{C; :i € I} do
not have a point in their common intersection, so by Helly’s Theorem some d + 1 of them must
have an empty intersection. It is straightforward to see that these d + 1 sets must be of the
form {D} U{C; : i € J} for some J C I of size d. This means the maximum point of |
is at most v, and it must be at least v since v € (),.; C; € )

ZEJ

C;. This gives the claim. D

i€l ieJ

Now consider all of the possible pairs (J,I) € ([Z]) x ( di]l) with J C I such that (., C; is

non-empty and has the same maximal element as (), ; C;. By the claim, the number of such
pairs is at least the number of I € ( d[i]l) with (;c; Ci # 0, which by assumption is at least

108



a(dzl). Because the number of J € ([Z}) is only (Z), we find that there must be some J in at

least
n n\  n-— d
Na+1) \d) ~%+1

pairs. Let v be the maximum point in (,.; C;, which to be clear is a non-empty set for any .J
in at least one pair. Observe that for any I in a pair with J, the unique element i € I\ J is
such that v € Cj since by definition (1, ; Cy has v as its maximal element. Similarly v € Cj
for every j € J, which in total means that the number of elements containing v is at least

n—d «Q

d >
te TS a™m

with this last inequality implicitly using that the hypothesis of the theorem requires a@ < 1.
This establishes the result with § = S%5. O

The bound § = T s far from tight since, in particular, 5 does not tend towards 1 as «
tends towards 1. A much more sophisticated argument of Kalai shows that the Fractional Helly

Theorem holds with =1 — (1 — a)ﬁ which turns out to be best possible.

9.5 The (p,q)-Theorem

Currently adjusting based on moving the (p, ¢)-condition around

The Fractional Helly Theorem guarantees 1 point intersecting a [ proportion of C. An even
stronger conclusion would be if we could find 37! points which intersects all of C, as in this case
one of the 37! many points must intersect a /3 proportion of C. The hypothesis of the Fractional
Helly Theorem is too weak to give this stronger conclusion, as can be seen by considering a
collection C where 1 — ¢ proportion of the elements contain the origin and the remaining &
proportion are pairwise disjoint from every other set. To avoid constructions like these we must
force C not to contain many pairwise disjoint elements.

To this end, we say a collection of sets C has the (p,q)-property if amongst any p distinct
elements of C, some ¢ have a common intersection. More precisely, if Cy,...,C, € C are
distinct elements then there exists some 1 < 7; < --- < i, < p with ﬂ?zl C’ij # (. IfCis a
multiset we allow each C; to be repeated up to its multiplicity in C. As en example, we observe
that the hypothesis of Helly’s Theorem imposes C have the (d + 1,d + 1)-property.

The (p, q)-property forbids C from containing more than p pairwise disjoint sets, and as such
there is some hope of such collections having bounded transversal number. This problem was
formally posed by Hadwiger and Debrunner in 1957 with it eventually being solved by Alon
and Kleitman in 1992, giving the following fundamental result.

Theorem 9.24 (The (p, q)-Theorem). For allp > q > d+ 1 > 2, there exists some constant
t such that the following holds: if C is a finite collection of non-empty convex sets in RY with
the (p, q)-property, then there exists a set T C R? of size at most t such that C T # () for all
CecC.
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Comment on ¢ > d + 1 being needed. Obviously for d = 1 this is needed.

Every proof we are aware of for the (p, ¢)-theorem begins by constructing weak e-nets for the
set system of convex subsets of R™ in the sense of Section 5.4, though we emphasize that most
of what we say here will be self-contained. A useful tool for constructing weak e-nets is the
following.

Theorem 9.25 (The First Selection Lemma). For all d > 1 there exists some cq such that the
following holds: if S = {vy,...,v,} C R? is a finite multiset, then there exists a point v and at

least cq( subsets I € (d[i]l) with v € conv({v; : 1 € I}).

dil)
That is, there exists a point contained in many of the convex hulls of points of S. The name of
the theorem comes from a stronger version of the result known as the Second Selection Lemma
which we will not go into here.

Proof. For each I € ((}i]l) let C; = conv({v; : i € I'}) and let C be the multiset {C} : [ € (d[+]1)}
We aim to show C satisfies the conditions of the Fractional Helly Theorem, from which the

corresponding point from that theorem will give the result. For this, let ¢ := (d + 1)*.

Claim 9.26. For every T € ([Tt‘}), there exist disjoint Iy,..., 141 C T of size d + 1 with
NiZ Cr #0.

Proof. If {v; : i € T} contains some vertex with multiplicity at least (d + 1)? then taking
Iy, ..., 151 to be disjoint subsets corresponding to this common vertex gives the result. As
such we may assume 7' contains at least t/(d + 1)* > (d + 1)? distinct points. By Tverberg’s
Theorem with r = d+ 1 we may partition the distinct points of 7" into disjoint sets Si, ..., Sq11
with the property that there exists some v € conv(S;) for all i. By Carathéodory’s Theorem
we can further find S; C S; of size at most d + 1 with the property that v € conv(S]) for all .
In total this implies we can find disjoint sets I7,...,1;,; € T of size at most d + 1 which has a
point in the common intersection of their convex hulls, and by inserting additional indices as
needed into the sets of size strictly less than d + 1 we obtain sets as in the claim. O]

Consider all pairs of the form ({I3,...,Ig41},T) where T € ( ) and I,..., 15,1 are disjoint
subsets of 1" of size d + 1 with ﬂdH Cr, # 0. The claim above implies that the number of these

pairs is at least ( ) On the other hand, each set {Iy,..., 541} is trivially in at most n'~ (d+1)?

pairs. It follows then that the number of {I;,..., 541} in such a pair is at least

(e ol )

for some oy sufficiently small since |C| = (| +1) = O(n?). Tt follows that C satisfies the
conditions of the Fractional Helly Theorem, and the point guaranteed by this result satisfies
the conditions of this theorem by construction. O

This in turn gives the existence of weak e-nets in the following sense.
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Theorem 9.27 (Weak e-nets). Let d > 1 be fized. For every 0 < € < 1 and finite multiset
M C R4, there exists a set T C R® such that CNT # () for all convex sets C with |CNM| > | M|
and such that

T =O0@E").

Proof. We construct our set iteratively starting with Ty = ). If some T} satisfies C N'T; # () for
all convex C' with |C'N M| > ¢|M]| then we stop, otherwise there by definition exists some C'
disjoint from 7; such that the multiset X = C'N M has size at least ¢|M|. By the First Selection
Lemma, there exists some point v;,; contained in at least ¢y (C‘lﬂ) > Ccq (‘jﬁl) of the convex hulls
of (d + 1)-subsets of X, and we note that by definition no point of 7} is contained in any of
these convex hulls else T; would intersect C'. We then let T;,; = T; U {v;11} and continue with

the process.

We claim that the process stops at some T' = T; with |T| = O(¢7¢71). Indeed, by construction
each vertex we iteratively add to 7T; intersects a new set of ¢4 (Zlfl‘) = Qe M|) convex hulls

of (d + 1)-subsets of M, and this can trivially occur a total of at most O(e=¢71) times. O

We now have the necessary ingredients to prove the (p, ¢)-theorem. We present two such proofs,
both due to Alon and Kleitman. We begin with a slightly simpler proof discovered shortly after
their original one.

Proof I of the (p, q)-theorem. The high-level idea of the proof is to construct a multiset M with
the property that |C; N M| > e|M| for every C; € C and some appropriate € > 0. In this case,
the weak e-net provided by the previous theorem will in particular be a transversal for all of C
of bounded size, giving the result. We will iteratively construct the multiset M by applying the
Fractional Helly Theorem to C in order to find a point v which is contained in a large fraction
of the elements. We will want to do this in such a way that v is biased towards intersecting
elements of C which intersect few elements of M, and we will achieve this by working with a
multiset C* of C defined by giving higher multiplicity to sets of C which intersect few elements
of M.

To implement this strategy, we say a multiset C* is a blowup of C if C* is a multiset whose sets
belong to C. We first observe that blowups essentially preserve the (p, ¢)-property.

Claim 9.28. If C has the (p,q)-property, then any blowup C* has the ((p — 1)(¢ — 1) + 1,q)-
property.

Proof. In any list of (p — 1)(¢ — 1) + 1 elements of C*, either some element appears with
multiplicity at least ¢, in which case these ¢ elements have a common intersection; or there
are at least p distinct elements, in which case the (p, g)-property of C implies some ¢ have a
common intersection. In either case some ¢ elements have a common intersection, giving the
claim. O]

We next show that the Fractional Helly Theorem applies to collections with an appropriate
(¥, ¢')-property.
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Claim 9.29. Fo allp’ > ¢ > d+1, there exists some = B(p',d) > 0 such that for every finite
multiset C* of convex subsets of RY with the (p/,q')-property there exists some v € R? which is
in at least B|C*| elements of C* counted with multiplicity.

Proof. Let C* = {C},...,C,}. We aim to apply the Fractional Helly Theorem. We do this

by double counting pairs (I, P) where I € ((}z}l) has (),c;Ci #0and I C P € ([p",}). Observe

that every P € ([p”,]) belongs to at least one such pair by assumption of the (p/, ¢’)-property and
¢ > d+ 1, and as such the number of pairs is at least ( ) Since each [ is trivially in at most

n
p/
(;:?1:11) pairs, we find that the total number of distinct I in at least one pair is at least

n\ /n—d—1\"" Ay o

p)\p —d—1 S \d+1 d+1)
The Fractional Helly Theorem thus applies with a = ( df’;l)_l, so the claim holds with g =
B(a,d+ 1) from the Fractional Helly Theorem and v the point it guarantees. H

We now proceed with our main proof. Let C be a collection as in the hypothesis and begin with
C; = C. Iteratively assume we have defined C; a blowup of C. By the two claims there exists
some point v;41 in at least a B = [(p, d) proportion of the elements of C}, say with C~;“ c
the elements using v;4;. We then define a new blowup C;; by taking the multiset union of C;
and C*\ C;; that is, if C' € C; then we keep its multiplicity the same in C; 1 and otherwise we

double its multiplicity.

Let t = % and take the multiset M = {vy,..., v}

Claim 9.30. Every C € C has |C N M| > ¢|M| where ¢ = H%M > 0.

Proof. Observe that if [C'N M| = m then the multiplicity of C'in C;; is exactly 2°~™ since the
multiplicity doubles each time C' does not intersect the newest element added to M. On the
other hand, by construction we have for all ¢ that

€l = 21C7| = ICF| < 25| = Blcy |,

so inductively we find that |C; ;| < (2 — f)'n. Since also |Cf ;| > 2™ simply from the
multiplicity of C' we find that t — m <log(2 — )t + log(n), or equivalently

m > (log(2 — B) — 1)t — log(n) = logn = et = ¢|M|.

]

With this claim in mind, we find from the Weak e-net Theorem that we can pierce all of C by
a set of size at most O.(1), giving the result. O

The original proof of the (p,q))-theorem uses many of these same ideas together with linear

programming techniques. We present this proof with some linear programming details swept
under the rug.
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Proof II of the (p,q)-theorem. Because the set system of convex subsets of R? have small weak
e-nets by Theorem 9.27, to upper bound 7(C) it suffices by Proposition 5.26 to upper bound
7*(C). For technical reasons it will be more convenient to upper bound »*(C), which is equal
to 7*(C) by linear programming duality.

Let f : C — Ry be a fractional matching of C with > ... f(C) = v*(F). By standard
c

linear programming facts we may assume each f(C) is a rational number mT) with common
denominator D. Define a multiset C; which has each set C' € C appearing with multiplicity

m(C) = f(C)D, which means that |C;| = > f(C)D = Dv*(C).

As in our first proof of the (p, ¢)-theorem, we observe that C; satisfies the ((p—1)(¢—1)+1, q)-
condition and also that there exists some point v in at least 3|Cy| sets of Cy for some 5 = [(p, d).
Letting Cy(v) denote the (not multi)set of distinct elements of C; which intersect v, we find

that
Bicsl < Y m(C)= > f(C)D<D,

CeCs(v) CeCs(v)

with this last inequality using that f is a fractional matching. In total, we conclude that

C
V*(C) - ’_l;| S 6_17

which in total implies that 7(C) is bounded by a function of p, d, proving the result. n

This latter proof can be generalized to prove (p,q)-theorems in any setting where both weak
e-nets exist and a “Fractional Helly Theorem” which allows for bounds on v*(F) exists. We
will not discuss this further here, but see e.g. the books of Barany and of Matousék for more.

9.6 Exercises

1. Here we prove some characterizations of the convex hull. For this we recall that for
S C R” the convex hull conv(S) consists of all convex combinations of S, meaning all
points of the form )" | \;jv; where vy, ..., v, are a finite set of points from S and A\; > 0
satisfy > . A\ = 1.

(a) Prove that for any (possibly infinite) family C of convex subsets of R? that (. C is
convex, and conclude that for any S C R™ that there exists a unique smallest convex
set containing S [1+4].

(b) Prove that if C C R? is convex then it contains all of its convex combinations [2-].

(c) Prove that conv(S) is convex for any S C R? and conclude that conv(S) is the
smallest convex set containing S [1+].

2. An affine combination of points vy, ..., v, is any point of the form > a;v; with > «; = 1;
note that this generalizes convex combinations which additionally require o; > 0. Prove
that a set of points vy, ..., v, are affinely dependent if and only if one some v; is an affine
combination of {vy,...,v,} \ {v;} [14].
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3.

4.

5.

10.

Prove Lemma 9.2 [1+].

Prove Lemma 9.20 [2-].

We say that a set of points S C R? is in general position if no d+ 1 points of S are affinely
dependent.

(a) Prove that if S C R? is a set of d + 2 points in general position, then there is a
unique (unordered) partition S; U Sy = S with conv(S;) N conv(Ss) # 0 [2].

(b) Prove moreover for the partition S, S above that conv(S;) N conv(Sy) = {x} for
some x € R? [2].

Prove for all 7, d that there exists some integer n = n(r,d) such that if S C R? is a set of
n points, then there is a partition S; U Sy of S with the property that for any Ry C 5
and Ry C Sy of size at most r we have conv(S; \ R1) Nconv(Sy \ Re) # 0 [2-].

Define the Tverberg number T'(r, d) to be the smallest number n such that any set S C R?
of n points can be partitioned into r sets with a common point in their convex hulls; note
that Tverberg’s Theorem proves T'(r,d) < (r — 1)(d + 1) + 1.

(a) Give an elementary proof (i.e. without using Tverberg’s Theorem) showing that
T(r,d) < oo for all r,d (Hint: prove that T'(rir2,d) < T'(r1,d)T(re,d) for all r1,73)

[2].
(b) Prove that T'(r,d) > (r —1)(d+1) +1 [3-].

Prove the Colorful Radon Theorem: if C1, ..., Cyy1 € R? are sets of size 2, then there exist
disjoint sets S7, Sy intersecting each C; in exactly 1 vertex with conv(S7) N conv(Sy) # ()
(Hint: write C; = {x;,v;}, consider the d + 1 vectors x; — y; and use linear algebra) [2+]

Prove the Centerpoint Theorem: if S C R? is a set of n points, then there exists some
point ¢ € R? such that any closed half-space H containing ¢ satisfies | N S| > 75 (Hint:
what value of n mod d 4 1 makes this problem hardest to solve? What theorem applies

well to n of this form?) [2].

Refine the bound from Lindstrém’s result Theorem 9.17(b) by showing that if Fi, ..., Fy C
[n] are distinct non-empty sets each of size k and if N > (r — 1)n + 1 then there
exist disjoint non-empty Ji,...,J, C [n] such that Ujelej = .. = UjEJTFj and
Njen £5 = = Njey, Fi 2]

114



11.

12.

13.

Prove the Infinite Helly Theorem (Hint: Apply Helly’s Theorem to the collections {C1, ..., C,}
for all n > 1) [2].

Prove that if C' C R? is convex and if H is a collection of closed halfspaces of R¢ with
C C Upey H, then there exist some H' C H of size at most d + 1 with C' C Jyepp H
(Hint: you may accept without proof the fact that C'\ H is convex for any convex set C'
and halfspace H) [2].

(Colorful Helly for Trees) Prove that if 7" is a tree and if R, B are collections of subtrees
of T with the property that V(R) N V(B) # 0 for all R € R and B € B, then either
Nrer V(R) # 0 or Npeg V(B) # 0 [2+].
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10 The Borsuk-Ulam Theorem

Similar to the linear algebra method, the topological method uses tools from topology to solve
problems in combinatorics. One of the most important tools for this method is the Borsuk-
Ulam Theorem from algebraic topology. We discuss several basic applications of this result
here, starting with the first ever application of the topological method to a problem in extremal
set theory.

10.1 Colorings

Define the Kneser graph KN, to be the graph with vertex set ( ) where two I, I’ € (["]) are
adjacent in KN, if and only if F'N F' = (. In this language, intersecting families F C ([”])
are exactly independent sets of K'N,,.., and in particular the Erdds-Ko-Rado Theorem says
a(KN,,) = (Z:ll) for n > 2r. A closely related parameter to the independence number of a
graph is the chromatic number, and as such we can ask: what is x(KN,.)? In other words,
what is the smallest size of a partition of ([:f]) into intersecting families? We note that this
question is somewhat similar to the relationship between the Fractional Helly Theorem, which
involves finding many sets with a common intersection, and the (p, ¢)-Theorem, which involves
partitioning the sets into a small number of collections with common intersections.

To get started, recall for any graph G that x(G) > %,

()
KN,,) > 2 =
X( 7 ) = (7:71)

To get upper bounds on x (K N, T) requires us to construct proper colorings of K N,,,.. A simple

and hence for n > 2r we have

n
T

idea is to color each set F' € ( ) by its smallest element. In this way, the set F; of elements
colored 7 all contain i and hence are independent in KN, proving that y(KN,,) < n.
Actually, our analysis of this coloring is suboptimal since the minimal element of each set in
([Z]) is always at least n —r+1 (with the extremal case being F' = {n—r+1,n—r+2,...,n}),
so really this coloring shows (K N,,.,) < n —r+ 1 and this is in fact optimal for r = 1.

For r > 2 though, one might realize that F' = {n —r + 1,...,n} is the only set given color
n —r + 1 which seems rather inefficient, and indeed if we color F’ with color n — r instead then
this set will intersect every other set with color n — r since such sets must contain r — 1 > 1
elements greater than n — r and hence intersects F’, so this lets us save 1 additional color.
Pondering this further, we realize that any two sets F, F" with min(F), min(F") > n — 2r 4+ 2
must intersect by the pigeonhole principle. In total then, if we color each F' € ([:f}) by color
min(F) if min(F) < n — 2r + 1 and otherwise give it color n — 2r 4+ 2, then this is a proper
coloring of KN, (i.e. any two sets given the same color intersect), and hence for n > 2r — 1

X(KNypy) <n—2r+2.

Note that for n < 2r—2 the coloring defined above does not make sense. However, for n < 2r—1
any two r-sets intersect, so x (K N,) = 1 trivially in this case.

We now have two rather far bounds for (KN, ), both of which are derived from somewhat
natural considerations. However, some thought leads one to believe that the lower bound is
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probably incorrect. For one, we know that for n > 2r the only independent sets of K'V,,., of size

exactly ("7]) are stars, and as such the bound n/r = v(KNy,)/a(KN,,) could only be tight

if we could find exactly n/r stars covering all of ([Z]) which one can quickly check is impossible.
Another way to see this is by looking at small examples. For instance, K N, is exactly the
Petersen graph which has chromatic number 3 =5—2-2+2 > 5/2, and this suggests that the
upper bound should be the truth. And indeed, groundbreaking work Lovasz showed this to be
the case.

Theorem 10.1 (Lovasz-Kneser Theorem). If n > 2r — 1 then x(KN,,) =n —2r + 2.

This result has a number of nice consequences. First of all, it has the following combinatorial
interpreation.

Corollary 10.2. If one partitions ([Z]) into at most n—2r+1 collections, then some collection
contains two sets which are disjoint.

Another important consequence involves the fractional chromatic number y;(G), which is a
linear relaxation of the usual chromatic number. We will not go too much into the details here,
but it can be easily shown that x (K N,,) = n/r for n > 2r, and hence the Lovéasz-Kneser
Theorem shows that the fractional and chromatic numbers of KN, can be arbitrarily far apart
from each other. The Kneser graphs are one of very few graph families for which such a gap is
known to exist.

Perhaps more importantly than the result itself is how it is proven. Notably, this is the first
combinatorial results proven using topological methods, and in fact every known proof of The-
orem 10.1 uses ideas inspired by topology, specifically by some version of the Borsuk-Ulam
Theorem. To state this fundamental result, we let S¢ be the d-dimensional sphere, i.e. the
topological space with point set {z € R4l : Y 22 = 1} which is given the subspace topology
from R9*!. Thus for example S is the unit circle in the plane, and S° is just two points +1 in

R.

Theorem 10.3 (Borsuk-Ulam). The following statements are equivalent and true for alld > 0:
(i) For every continuous map f : S® — R? there exists a point x € S* with f(z) = f(—=z).

(ii) For every continuous map f : S* — R which is antipodal, meaning f(—z) = —f(x) for
all x, there exists some x € S* with f(x) = 0.

(ii) If Ay, ..., Agy1 are subsets of ST with S = |JA; such that each A; is either open or
closed, then there is some point x with x,—x € U; for some 1.

Statements (i) and (ii) are perhaps the most typical ways the Borsuk-Ulam Theorem is stated.
Statement (iii) in the case where the sets are all either open or closed is due to Lusternik
and Schnirelmann with the mixed case due to Borsuk. There exist many other versions of the
theorem, but these are the only statements we use in these notes.

We postpone talking about the original proof of the Lovasz-Kneser Theorem and instead give
a much simpler proof found shortly after by Barany. The proof idea is spiritually similar to
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the Katona circle argument: instead of putting the elements [n] along a circle and considering
arcs which contain r-sets, we instead put the elements [n] on a sphere S? and consider open
hemispheres which contain r-sets. For the circle there is a natural way to place n points, namely
equidistant along the circle. For larger d there is an appropriate analog of this “equidistant”
construction.

Lemma 10.4 (Gale’s Lemma). For everyd > 0 andr > 1 there exists points xy, ..., Top g € S¢
such that every open hemisphere of S¢ contains at least r of the x; points.

We omit the (not too hard and non-topological) proof of this geometric fact and show how to
use this to prove Lovasz-Kneser.

Proof I of Lovasz-Kneser Theorem. The case n = 2r — 1 is trivial, so we assume n > 2r from
now on. As mentioned above, we consider putting n points on some sphere S¢ where it turns
out we will take d := n — 2r > 0, and to this end we let x1,...,x, be the points guaranteed
by Gale’s lemma. For any point z € S% we define the open hemisphere H(z) to be the open
hemisphere of S¢ centered at .

Assume for contradiction that there exists a proper coloring x of KN, which uses at most
n—2r+1=d+1 colors. For each 1 < i < d+ 1, define a set A; C S? by having x € A;
whenever there exist xj,,...,z; € H(z) with x({1,...,j-}) = 4; that is, A; records which
hemispheres contain a set which is in the ¢th color class.

It is not difficult to see that each A; set is open, since if x; is in the open hemisphere H(z)
then z; € H(2') for any 2’ which is sufficiently close to . Moreover, by construction of the
x; points, every open hemisphere H(x) must contain some 7 of these points, and hence each
r € S¢ belongs to some A; (namely the ¢ which is how this r-set of points is colored). Thus
Ay, ..., Agqq are open sets which cover S% so it follows from the Borsuk-Ulam Theorem that
there exists some z, —z lying in some common A;. By definition this means there is some
{7j,,..., 75} € H(z) and some {wj,...,x;} € H(—x) given the same color 4, but the fact
that these are antipodal hemispheres means {ji,..., 7.} N {j1,...,j.} = 0, a contradiction to
these two sets being given the same color. O]

One can further generalize this argument to prove that x(G) > n — 2r + 2 for some induced
graph G of KN,,.,. For example, the Petersen graph K Nso has chromatic number 3, but to
prove Y (K Ns») > 3 it suffices to look at a 5-cycle C5 C K Nj.o, say the one with vertex set
{1,3},{2,4},{3,5},{1,4},{2,5}. Motivated by this example, we say that a set F' € ([’;‘]) is
1-stable if no two elements of F' are within cyclic distance 1 of each other (so if i € F' then
i+1,i—1 modn ¢ F), and we define the Schrijver graph S, to be the graph whose vertex
set consists of all 1-stable sets of ([f]) where two sets are adjacent if they are disjoint. That is,
Shr 1s some induced subgraph of K'N,,... As such, the following is an even stronger version of
the Lovész-Kneser Theorem.

Theorem 10.5 (Schrijver’s Theorem). For alln > 2r we have x(Sp.) = X(K Ny,) = n—2r+2.

Indeed, this result follows immediately from our previous proof together with the following
slightly stronger version of Gale’s lemma proven by Schrijver.
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Lemma 10.6. For every d > 0 and r > 1 there exists points x1, . .., Toq € S such that every
open hemisphere of S contains at least r points xj,, ..., x;. such that {ji,...,j.} is 1-stable.
There are two natural follow ups to Schrijver’s Theorem. The first is if one can prove x(G) =
X(K N, ) for an even smaller subgraph G, but it turns out this is impossible: S, is vertex-
critical, meaning deleting any vertex decreases its chromatic number. Another direction is to
consider s-stable sets, that is sets where every two elements are at cyclic distance at least s
from each other. It is conjectured that the corresponding graph KN, s has chromatic number
n—(s+1)(r —1) for s > 1 and n sufficiently large, but this is only known in certain cases.

We proved Schrijver’s Theorem by taking Barany’s proof and using a more sophisticated choice
of point set. Another angle one could try is to take Bardny’s proof and use a more sophisticated
version of the Borsuk-Ulam Theorem. This approach was used by Greene to give what is
generally considered to be the simplest known proof of the Lovasz-Kneser Theorem which does
not require the usage of Gale’s lemma.

Proof II of Lovdsz-Lneser Theorem. Similar to before we put points on a sphere S¢ though now
we take d = n — 2r + 1 which is 1 larger than in our previous proof. We next let zq,...,z,
be any set of points of S¢ which are in general position, meaning that no d + 1 of them lie on
a common hyperplane through the origin. Note that a random choice of z; will be in general
position with probability 1, so it is easy to find such points compared to needing Gale’s lemma.

Again assume for contradiction that there exists a proper coloring of K'N,,., usingn—2r+1=4d
colors and let A; with 1 <7 < d be as before defined to contain all z such that H(z) contains
points corresponding to a set given color ¢. Again these sets will be open, but they may not
cover all of S¢. To this end we introduce a new set Az, = 5S¢\ Ule A; which is closed since it
is the complement of a union of open sets. We thus have that A;,..., As,1 are a collection of
open and closed sets whose union equals all of S?, so the Borsuk-Ulam Theorem implies there
exists some antipodal pair x, —z contained in some A;. As before having 1 < i < d would
give a contradiction, so this antipodal pair must be in A;.;. By definition of A;,; this means
H(x), H(—x) each contain at most 7 — 1 of the z; points (else they would contain some 7-set
being given some color). It follows then that at least n — 2r 42 of the z; points must lie on the
equator S — H(x) — H(—x). But this means there is a hyperplane through the center of the
sphere containing n — 2r +2 > d + 1 points, a contradiction to how we chose our point set. [J

Again this proof method can be generalized to prove coloring results for related graphs. To
this end, given any set system F C 2" we define the generalized Kneser graph K N (F) to be
the graph on F where two sets are adjacent in KN (F) if and only if they are disjoint. To
define the lower bound for its chromatic number, we say a set system F is bipartite if we can
2-color its ground set so that no set of F is monochromatic, and we define the coloring defect
cd(F) to be the fewest number of points we need to delete from the ground set of F so that
the remaining sets of F are bipartite; in symbols,

cd(F)=min{|D|: D C[n], {F:F e F, FND =0} is bipartite}.
Theorem 10.7 (Dol'nikov’s Theorem). For every set system F C 2"l we have x(KN(F)) >
cd(F).
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It is easy to show that every graph G is equal to some generalized Kneser graph KN (F),
so Dol’nikov’s Theorem implies a general lower bound on the chromatic number of arbitrary
graphs. It also implies the lower bound of the Lovasz-Kneser Theorem: if one deletes at most
n — 2r + 1 points from [n] then the set system of ([Z]) on the remaining 2r — 1 points is not

bipartite since some color class has at least r elements, proving cd(([:f})) >n—2r+2.

Proof. Analogous to Greene’s proof, consider S? with d = y(K N(F)) and points 1, ..., z, in
general position. By definition there exists some proper coloring of K N(F) using d colors, and
we let A; € S for 1 < i < d be defined to be the set of z with H(zx) containing the points of a
set of F given color i. As before we conclude that there must exist some antipodal pair x, —x
contained in Agyq == S\ UL, A;. Observe that {F € F:Vie F, z; € H(z) U H(—x)} is
necessarily bipartite since we can 2-color the ¢ with z; € H(z) U H(—x) based on if they are in
H(z) or H(—x) and no edge can be monochromatic by definition of z, —z € Ay = Sd\Uf:1 A;.
It follows that cd(F) < |{i: x; ¢ H(x) U H(—x)}| and this set has size at most d = y (K N(F))
since we chose our initial point set to be in general position. O

10.2 Mass Partitions

The Borsuk-Ulam Theorem can be used to prove other results beyond coloring statements. One
area where it tends to be used a lot is mass patition problems, the most famous of these being
the Ham Sandwich Theorem.

Theorem 10.8 (Informal Ham Sandwich Theorem). If K1, ..., Ky are sets in R? with finite
volume, then there exists a hyperplane h of R such that each K; has half of its volume on each
side of h.

The real Ham Sandwich Theorem requires us to formally define the “volume” of a set which
requires some small amount of measure theory. More generally the Ham Sandwich Theorem
holds with the K; replaced by arbitrary finite Borel measures with the property that every
hyperplane has measure 0.

Proof. Throughout we assume each K; has positive volume, otherwise every hyperplane trivially
bisects its volume. The idea of the proof is to define a map f from hyperplanes h to the vector
in R? whose ith entry records the difference in volumes of K, across the two halves of h. If
f(h) = 0 for some h then we are done, and otherwise we aim to get a contradiction from the
Borsuk-Ulam Theorem.

To implement this strategy, we recall that each hyperplane h is equal to {z : a-x = b} for some
a € R?\ {0} and b € R. Motivated by this, for each vector ¢ € R4 we define f(c) € R? by

d d
f(c)i=vol({z € K; : Zcﬂj < cgr1}) —vol({zr € K; : chxj > Cyi1})-

J=1 J=1

If f(c) =0 for some ¢ with (¢q,...,¢cq) # 0 then this exactly corresponds to a hyperplane which
bisect each K;, so we can assume f(c) # 0 for such ¢. We moreover observe that f(c) # 0 for
any ¢ € R™1\ {0} since if (c1,...,cq) = 0 then f(c); = vol(K;) — vol(@) > 0 if cg1; > 0 and
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f(c); = vol(D) — vol(K;) < 0if ¢g11 < 0. Lastly, we observe that f(—c) = —f(c) for all ¢. With
all this in mind, we see that the restriction of f to S¢ C R\ {0} is a nowhere 0 antipodal
map to R%. It is not too difficult to check that f is continuous, contradicting the Borsuk-
Ulam Theorem. We conclude that f(c) = 0 for some appropriate ¢, giving the corresponding
hyperplane. O

Possibly say more about discrete ham sandwich and necklace splitting.
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11 The KKM Theorem

An important consequence of the Borsuk-Ulam Theorem is Brouwer’s Fixed Point Theorem.
Brower is in turn is equivalent to something known as the KKM Theorem which has been
used to solve a number of problems in combinatorics and discrete geometry. We motivate its
statement in the following subsection, after which we look at further applications. Much more
on this topic can be found in a survey by McGinnis and Zerbib and online notes of Zerbib

11.1 Envy-Free Divisions

We begin with a topic spiritually similar to mass partitions: envy-free divisions. As a toy
example, say you have a piece of cake which you want to cut in half and give to two kids Alice
and Bob. If you're sloppy with your cut then one slice will be larger than the other, making
whichever kid does not receive that slice envious of the other. Even if you do manage to slice it
perfectly in half, maybe one half has more icing or sprinkles than the other, which again could
make one of the kids envious. How then can you cut this cake while keeping both kids happy?

The practical solution to this problem is the “I cut you choose” method: you ask Alice to cut
the cake so that she prefers both slices equally (which can be done using the intermediate value
theorem assuming her preferences are “continuous”), and then Bob takes whichever of the two
slices he prefers. By construction neither child will be envious of the other.

This cake-cutting problem with more children is complicated and requires non-trivial topological
statements to resolve; this is perhaps not too surprising given that we seemingly needed the
non-trivial Intermediate Value Theorem to solve the simplest version of the problem. To discuss
this further we need some formal definitions.

For simplicity we think of cutting a rectangular cake into n vertical slices, and in this way we
can identify such a cutting by a sequence of numbers (x1, ..., z,) with > x; = 1, where we think
of this tuple representing that the first slice uses the first x; proportion of the cake, the next
uses the next z, proportion of the cake, and so on. Throughout this chapter we will denote?
the set of all such tuples by o™~! which is called the standard (n— 1)-simplexz. Each child in our
setup will have some (possibly distinct) preference functions P : ¢"~' — 2["l where we think of
P(Z) for a given cut ¥ = (z1,...,2,) € c" ! as defining the set of indices i € P(¥) such that
the child likes the ith cut the most. For example, one might define P(Z) = {i : x; = max; z;}
which means the child always prefers the largest possible slice of cake regardless of where its
located. We will further require our preference functions to satisfy two additional properties,
namely that P(Z) always contains some ¢ with z; > 0 for all & (i.e. every child prefers some
cake over no cake), and that if ¢ € P(Z;) for some sequence of partitions 7, ... which converges
to some & € ¢!, then i € P(Z).

Theorem 11.1 (Fair Division Theorem). If Py,..., P, are preference functions as defined
above, then there exists some & € o™ ' and permutation 7 : [n] — [n] such that 7(j) € Pj(Z)
for all j.

1

3The strange indexing here comes from the fact that c”~! is an (n — 1)-dimensional object, e.g. 02 defines

a triangle and o2 defines a tetrahedron.
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That is, regardless of what preferences the children have, there always exists some way of
cutting the cake into n pieces such that each child can be given some piece which they think is
best amongst all the possible options. The Fair Division Theorem turns out to be equivalent
to a certain variant of Brouwer’s Fixed Point Theorem which requires additional definitions to
state.

For each I C [n], define the face
ort={Feco" " ia;=0Vi¢g I} =conv({e;:i€cl}),

where e; denotes the ith standard basis vector of R™. For example, the standard 2-simplex o2
(which is a triangle) has itself as a face, its three edges as faces, its three vertices as faces, and
the empty set as a face. We say a collection of subsets A1, ..., A, of 6" is a KKM cover if the

A; sets are either all open or all closed, and if o7~ C U,y Ai for all faces o', For example,

this latter conditoin implies U[T:Z]A = 0" ! is contained in the union of the A;, and also that each

A; contains a’{zl = {e;}. This notion of a cover was introduced by Knaster, Kuratowski, and
Mazurkiewicz who proved the following.

Theorem 11.2 (KKM Theorem). If Ay, ..., A, is a KKM cover of ™', then (), Ai # 0.

This theorem turns out to be equivalent to Brouwer’s Fixed Point Theorem, though we omit
discussing the details further. There are many variants of the KKM Theorem, and in particular
we will need the following due to Gale.

Theorem 11.3 (Colorful KKM Theorem). Let A',..., A" be collections of sets such that each
Al ={A],... AL} is a KKM cover of c"~". Then there exists some permutation 7 : [n] — [n]
such that (\; A} ;) # 0.

We call this “colorful” because we can think of each set in A7 being given some color j, with the
conclusion being that we can find a set of each color which has a common point of intersection.
This in turn implies the Fair Division Theorem.

Proof of Fair Division Theorem. If the jth child has preference function P;, then we define the
set A7 C 0"~ to be the set of & with i € P;(f); that is, these are the cuts of the cake such that
child j is happy to have the ith slice. The sequence requirement for our preference functions
implies each Ag set is closed, and the fact that P;(Z) always contains some ¢ with positive
weight implies o' C Uier Ag for all 7, 7. It follows that each A{, ..., A is a KKM cover, and
as such the Colorful KKM Theorem guarantees a permutation m and a point & € [ AZF ) By
definition this implies 7(j) € P;(Z) for all j, giving the result. O

This same sort of proof shows the Fair Division Theorem is equivalent to the Colorful KKM

Theorem in the case when all the sets are closed, which itself can be used to prove the case
when all the sets are open.
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11.2 Piercing Geometric Sets

We use the KKM Theorem to prove results about piercing geometric sets. Our approach follows
a general framework detailed by McGinnis and Zerbib in their survey on using KKM for showing
the existence of “nice objects”:

(i) Translate every possible “object” into a point of a simplex.

(ii) Show that if there exists no “nice” object, then one can define a KKM cover for the
simplex.

(iii) Show that the point & guaranteed by the KKM Theorem gives a contradiction.

For example, in the Envy-Free Division Theorem our “objects” were cuts of the cake, the “nice”
objects were envy-free cuts, and the existence of such nice objects is essentially equivalent to
the point guaranteed by the Colorful KKM Theorem.

Our next set of applications concerns piercing geometric objects, and for this we recall that
given a set system F, the matching number v(F) is the largest size of a collection of pairwise
disjoint sets in F and the transversal number 7(F) is the smallest size of a transversal, i.e. a
set which intersects each element of F.

Theorem 11.4 (Gallai’s Theorem). If F is a finite set of non-empty compact intervals in R,
then v(F) = 7(F).

This result can be proven by elementary means, and in particular it follows from the more
general Helly Theorem for trees Theorem 5.4; we give a KKM based proof to better understand
our new technique. In particular, we encourage the reader to try and think through each step of
the KKM strategy outlined above before actually reading the details of how each step is done.
Our exact proof will be somewhat verbose with us posing motivating ideas for each step before
summarizing the key facts that we need for the formal argument.

Proof. That v(F) < 7(F) is trivial, so it remains to show n := v(F) > 7(F), i.e. that there
exists a set of at most n points which pierce all of F. To use the KKM Theorem framework,
we want to identify potential transversals for F of size n as points (zy,...,x) in the simplex
for some integer k. With some thought, we realize that each point & € o*~! can be identified
as a set of k points in [0, 1], namely the points z1, x; + 2, 21 + 22 + 3, and so on (this is also
implicitily what we did in the Envy-Free division problem with these points corresponding to
where the cake was cut). We note that only the first k£ — 1 of these points are interesting since
always > x; = 1, and as such we should maybe only consider these k — 1 interesting points.
We also ntoe that for an arbitrary F that these points in [0, 1] may be very far from being a
transversal. Crucially though, we observe that by rescaling and shifting the elements of F we
can assume they all lie in [0, 1].

In summary: we will assume from now on that the elements of F all lie in [0, 1] which we can
achieve by appropriate scaling and shifting, and for each ¥ = (x1,...,7,11) € 0™ we define
T'(Z) to be the n points in [0, 1] of the form {377, x; : 1 <i < n}. Towards the next step of
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the KKM framework, we will assume that there exists no nice object, i.e. that T'(Z) is not a
transversal of F for all .

Our goal now is to use that 7'(Z) is not a transversal in order to construct a KKM cover, which
in particular requires us to assign each Z to at least one set A;. That T'(Z) is not a transversal
means there exists some F' € F which T'(Z) is disjoint from. Perhaps the most naive way to use
this information is to say something like “if T'(Z) is disjoint from F; then Z € A;”, but this does
not work since F may have more than n elements so this encoding will not make sense in o”.
That is, we really need to encode T'(7) failing to be a transversal by some integer 1 < i <n+1
independent of |F|. Thinking further, we realize that if 7'(Z) is not a transveral, then there

exists some 1 < ¢ < n + 1 such that there exists some F' € F lying in (Z;;ll xj, Zé.:l xj>.

Summarizing, we will define for each 1 < ¢ < n + 1 the set A; to consist of all ¥ € ¢" such

that there exists some F' € F lying in <Z;;11 xj, Z;.:l wj>. This definition together with our

assumption 7'(Z) is not a transversal for all Z implies
O,n g U A’ia

which is the most basic property we need to have any hope of applying the KKM Theorem. It
remains to check the other properties.

i

That each A; is open is relatively straightforward since e.g. if F' C <Z;;11 Y i1 93]-> then a
slight perturbation of & continues to have F' lying in this interval since F' is closed. For the last

property, we aim to show that for any I C [n + 1] and ¥ € o} that ¥ € | J,.; A;. Because we

already know &' € o™ C J; A;, it suffices to show that @ ¢ J;4; 4;. And indeed, for each i ¢ I

we by definition of ¥ € o} have x; = 0 and hence the interval (Z;;ll Ty Y i xj) is empty. It

follows that no F' lies in this interval, and hence ¥ ¢ A; as desired.

Putting all this together implies that the A; form a KKM cover, so by the KKM Theorem there
exists some Z € (), A;. This means that for each 1 < i < n 4+ 1 there exists some F; € F

with F; C (Z;;ll T, 22:1 xj>. These F; are thus all disjoint from each other, which implies

v(F) >n+1=uv(F)+1, a contradiction. O

The fact that our proof used the KKM Theorem means that the same argument gives a colorful
version of Gallai’s Theorem simply by replacing the KKM Theorem with the colorful KKM
Theorem.

Theorem 11.5 (Colorful Gallai Theorem). If Fy,...,F,11 are finite sets of compact intervals
of R such that 7(F;) > n+ 1 for all i, then there exists a rainbow matching, i.e. F; € F; for
each i such that F; N\ F; =0 for all i # j.

The examples of the KKM Theorem we have seen so far have identified points of o™ with a set
of points on [0, 1], but there are other choices one can make. To state the coming result, for a
collection of sets F C 2R?, we say a set of lines £ C oR? is a line transversal for F if for all
F € F there exists some L € £ with F N L # (), and we define 7(F) to be the smallest size
of a line transversal for 7. We also recall that a set C' C R? is convex if C' contains the line
between any two points z,y € C.
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Theorem 11.6. If F is a collection of compact convex sets in R? such that every F' C F of
size at most 4 has 7,(F') < 1, then 1,(F) < 2.

We can not guarantee 7,(F) < 1 under this assumption, as can be seen by taking F to be the
five edges of a Cs drawn in the plane. Similarly replacing the 4 in the theorem with a 3 allows
for a family F which has 7y(F) > 3, but the construction is a bit more complicated with the
simplest example we know of involving 13 triangles and a disc. It does turn out in this latter
case though that 7,(F) < 3 with this result also being proven using the KKM Theorem.

Proof. The idea for the proof is not to identify points of the simplex by point sets on the unit
interval like before, but to instead identify them by point sets on the unit circle. To this end,
we may assume by scaling that every set in F lies within the unit circle, which we recall can be
parameterized by the set of points (cos(2xt),sin(2nt)). For each (z1, %2, x3,24) € 0°, consider
the four points on the circle y; = (cos(2m Y ., x;),sin(27 Y. x;)) for 1 < i < 4 and let ¢,
be the line containing y;, y3 and ¢5 the line containing ys, y4 = (1,0). These two lines split the
unit circle into four regions, and we let R;(Z) denote the region which contains the arc from

Yi—1 tO Y.

Assume for contradiction that 74(F) > 2, which means that for any Z € ¢ the two lines /1, (5
fail to pierce some F' € F. Because F' is convex, this is only possible if F' C R;(Z) for some i.
Motivated by this, we define A; C o3 to consist of the points # such that there exists F' € F
which lies in R;(Z).

It is not difficult to see that A; is open for all i since perturbing ¥ slightly maintains the property
of the compact sets F' lying in R;(Z). By assumption of 7(F) > 2 we have 0® C |, A;, so to
prove this is a KKM cover it suffices to show for each I C [4] and & € o7 that &' ¢ {4, Ai- And
indeed, if 7 ¢ I then xz; = 0 which implies that y; 1 = y; and hence R;(Z) = (), so no element of
F lies in this region and hence 7 ¢ A; as desired.

Given that the A; form a KKM cover, it follows from the KKM Theorem that there exists
some & € (), A;. This in turn implies that there exist F; € F with F; C R;(Z) for all 7. It

is not difficult to see that m({F},..., Fy}) > 1 since no line can pierce all four regions R;(Z),
a contradiction to our assumption on F. We conclude that there does indeed exist a line
transversal of F of size at most 2. O

Again, an identical argument can be used to state a colorful version of this theorem, and a
slightly more delicate version of the argument can be used to further guarantee that the line
transversal of size 2 for F contains a vertical line; we omit the details and refer the reader to

11.3 KKM Variants

A variant of Gallai’s Theorem of piercing intervals in R is to replace intervals with d-intervals.
A d-interval is a set S C R which is the union of at most d compact intervals. It is not difficult
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to show that collections of d-intervals with d > 1 can have v(F) < 7(F), but a nice result
obtained independently by Tardos and Kaiser shows that these two quantities can never be too
far from each other.

Theorem 11.7. If F is a family of d-intervals, then 7(F) < (d* —d + 1)v(F).

This bound is close to optimal, as Matousék constructed families with @ = Q

d2
() )

logd

Naively to prove this result we might again try to translate points Z € o” into the set of points
T'(7) of the form 7., ;. However, now if some set F' € F is disjoint from T'(¥) we can not

say F' lies entirely within some interval (Z;;ll x;, Z;Zl x;) like before since F' being a d-interval
means it could lie within up to d such intervals. As such, these F' which are disjoint from T'(¥)
no longer encode naturally by integers 1 < i < k + 1 like before, but rather by sets I C [k + 1]
which indicate the union of intervals containing F. As such, we will not want to consider a

cover by sets of the form A; but rather by Aj.

Motivated by the above, we say that a collection of sets A; indexed by I C [n + 1] is a KKMS
cover of o™ if the A; sets are either all open or all closed, and if for every J C [n + 1] we have
0"} € U;c; Ar. For example, if A; is a KKM cover then by defining Apy = Ajand A = 0 we
recover a KKMS cover.

The example above shows that we can not hope to have a point in the common intersection of
every Ar set of a KKMS cover like we did with KKM covers. The right condition turns out to
be the following strengthening of the KKM Theorem due to Shapley who represents the S in
KKMS. Recall that a set system F on a ground set V has a fractional perfect matching if it
has a fractional matching p: F — R with > u(F)=1forallve V.

Theorem 11.8 (KKMS Theorem). If {A; : I C [n+ 1]} is a KKMS cover of o", then there
exist sets I, ..., I,.1 C [n+1] such that (i) the set system {Iy, ..., I,4+1} with ground set [n+1]
has a fractional perfect matching and (ii) we have ﬂ?;l Ar, # 0.

Because of how the KKMS Theorem is stated, its applications often require some additional
results around fractional matchings, such as the following.

Theorem 11.9 (Fiiredi). If F is a set system where every edge has size at most d, then

v (F)
v(F) 2 1

We note that it is easy to prove the weaker bound v(F) > v*(F)/d which we could apply below
to get a slightly weaker version of the Tardos-Kaiser Theorem. We also need the following
which is an exercise from the chapter on transversals.

Lemma 11.10. Let F be a set system with ground set V. If every edge of F has size at most
d and if F has a fractional perfect matching, then v*(F) > |V|/d.

Combining these results allows us to turn our proof of Gallai’s Theorem into a proof of the
Tardos-Kaiser Theorem.

Proof of Theorem 11.7. Let F be a collection of d-intervals and let n be such that 7(F) = n+1.
We aim to use this to construct a large matching of F. To this end, we may assume by rescaling
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that each element of F lies in [0, 1], and for each Z € o™ we let T(¥) = {Z;Zl z; 1 <i<n}
Because 7(F) > n, each T'(¥) set is not a transversal, so for each ¥ there exists some F' € F
disjoint from it. Motivated by this, for each I C [n+1] we define A; to be the set of ' such that
there exists F' € F with F' C UZGI(Z 1%, 22:1 z;) and with FﬂUWg(Zl L, 2321 z;) = 0.
That is, I encodes the minimal set of 1ntervals which contains F'.

We aim to show that the A; sets form a KKMS cover. The fact that each of these sets is open
is straightforward. For the other property, we note that o™ C | J; A; by assumption of no 7'(Z)
being a transversal of F. As such, to prove that for each J C [n + 1] we have o7 C (J;; Ar
it suffices to show that for each & € o7} we have & ¢ (J;;; A7. And indeed, if I contains some

i ¢ J, then the interval (ZJ 125, 23:1 x;) is empty and hence there can not exist an F' € F
with F'N Uwg(zl L, S ;) = 0, meaning 7 ¢ A as desired.

j=1
The above implies that the A; sets form a KKMS cover, so by the KKMS Theorem there exists
some set system Z = {I1,...,I,41} C 2" which has a fractional perfect matching as well
as some T € ﬂ Ay, # 0. This latter condition in particular implies A, # () for all j, and we
crucially observe that this is only possible if |I;| < d since each F' € F is the union of at most
d intervals and hence can be contained in at most d intervals of the form (Z; oy, 22:1 ;).
By our lemmas around fractional matchings, we find

v*(7) n+1
7)> >
d )—d—1+1/d—d2—d+1’

and as such we can find some matching M C 7 of at least this size. For each I € M there is
some F; € F which witnesses ¥ € A; and it is not difficult to see that M being a matching
implies F; N Fp = () for distinct 1,1’ € M. It follows that v(F) > |[M]| > dQn——ic_l{f—l = d;_(i)rl,
proving the result.

There exist many other extensions and variants of the KKM Theorem. For example, there
exist colorful versions of the KKMS Theorem which immediately yields a colorful version of
the Tardos-Kaiser Theorem by using the same proof approach. Another far reaching extension
is Komiya’s Theorem, which roughly allows one to replace the simplex ¢ in KKMS with any
polytope, which can be useful for problems which are not naturally encoded by the simplex.

11.4 Exercises

1. Prove the Colorful Gallai Theorem [1+].

2. Prove that if F is a set system where every edge has size at most d then v(F) > v*(F)/d

2].
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12 Simplicial Complexes

The previous chapter demonstrated how combinatorial problems can be translated into looking
at points of a simplex whereupon topological results like the KKM Theorem can be used. In
this chapter we study a more general geometric object known as a simplicial complex. Many
combinatorial problems can be phrased in terms of simplicial complexes, whereupon topological
tools can be used to solve the problem at hand.

12.1 Simplicial Complex Basics

An (abstract) simplicial complex is a set system K with the property that if F' € IC then F’ € K
for all F/ C F; extremal set theorists more commonly refer to such set systems as downsets
or hereditary. We will commonly refer to the edges F' € K as faces or simplices. Simplicial
complexes have a natural correspondence with topological spaces known as geometric simplicial
complexes, which requires a few definitions to set up.

Recall that a set of points S = {vy,...,v,} in R? are affiniely independent if there do not exist
a; € Rnot all 0 with > a,u; =0 and > «; = 0. A simplex o is the convex hull of a set S of
affinely independent points in RY; we say that S is the set of vertices of o and we define the
dimension of the simplex by dimo :=|S| — 1.

For example, a simplex of dimension 0 is just a point, of dimension 1 is a line segment, of
dimension 2 is a triangle (since three points are affiniely independent only if they do not lie on
a common line), and of dimension 3 is a tetrahedron (since four points are affinely independent
only if they do not lie on a common plane). We will be interested in collections of simplices
which are glued together in nice ways.

A face of a simplex is the convex hull of a subset of its vertices. In particular, the simplex and
the empty set is always a face, and faces are always simplicies. A collection A of simplicies is
a geometric simplicial complex if

(i) for every simplex o € A, every face ¢’ C ¢ has ¢’ € A; and
(ii) for any 01,09 € A we have that o, N oy is a face of both o1 and o,.

The topological space which is the union of all the simplicies in A is called the polyhedron of
A and will be denoted by ||Al|.

Condition (i) of geometric simplicial complexes should remind the reader of (abstract) simplicial
complexes, and indeed these is a correspondence between these notions. If A is a geometric
simplicial complex, then we can define a set system Ka := {V(o) : 0 € A} where V(o)
denotes the set of vertices of o, and one can check that condition (i) of geometric simplicial
complexes guarantees that K is a simplicial complex. On the other hand, if K is a simplicial
complex on [n], then one can consider n affiniely independent points vy, ..., v, € R™ and take
Ag = {conv(Vp) : F € F} where Vi = {v; : ¢ € F'} and one can check this is a geometric
simplicial complex.
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In some contexts (such as Section 12.3) we will use this correspondence between simplicial
copmlexes solely as motivation for applying geometric ideas to combinatorial problems involving
IC. In other contexts it will be useful to formally work with this correspondence. To this end,
for any simplicial complex K we say a geometric simplicial complex A is a realization of IC if
IC is isomorphic to the set system Ka := {V (o) : ¢ € A}. Note that every K has at least
one realization, namely Ax. It moreover turns out that if Ay, Ay are realizations of I, then
|A1]| and ||Ag|| are homeomorphic as topological spaces. As such, for any simplicial complex
K we can define ||K|| to be ||A]| for any realization A of K, with this definition of ||IC|| being
well-defined up to homeomorphism.

12.2 Embedding Complexes and Sarkaria’s Theorem

Our first exploration of topological methods used the Borsuk-Ulam Theorem, which in one
formulation says any continuous map f : S? — R? has two points on opposite sides of S¢
mapping to the same point. We now explore a powerful variant of this result which replaces
S? with ||K|| for some simplicial complex K as well as “two points” with “p points” for any
prime p. Surprisingly, its statement also has something to do with colorings of generalizations
of Kneser graphs.

We first need to define what it means for two points of ||| to be on “opposite sides.” For
a geometric simplicial complex A and point z € ||Al|, we define the support of x denoted by
supp(z) to be a minimal simplex o € A with = € o; this choice of ¢ is unique due to condition
(i) for geometric simplicial complexes. Similarly for a simplicial complex K, when we write
x € ||K|| we assume ||| = ||Al| for some fixed choice of realization A and define supp(z) with
respect to this A.

We also need definitions around generalizations of Kneser graphs. Given a set system F and
integer r, we define the r-uniform hypergraph KN, (F) to be the hypergraph with vertex set
F where distinct Fy,...,F, € F form a hyperedge in K'N,.(F) if and only if Fy,..., F, are
pairwise disjoint. We also recall that a proper c-coloring of an r-uniform hypergraph H is a
mapping ¢ : V(H) — [c¢] with the property that no edge e € E(H) has ¢(u) = ¢(v) for all
u,v € e (that is, there exists no monochromatic edge). We let x(H) denote the smallest ¢ such
that H has a proper c-coloring.

Theorem 12.1 (Sarkaria’s Theorem). Let p be a prime, let K be a simplicial complex with
vertex set [n], and let F = 2"\ IC. If d is an integer satisfying

n—p

then for any continuous map f : ||K|| — R? there exist p points x1,...,x, € ||K|| with disjoint
supports, meaning supp(z;) Nsupp(z;) =0 for all i, j, satisfying f(z1) =--- = f(z,).

That is, if the Kneser hypergraph of the set system F = 2"\ K has a large chromatic num-
ber, then K is not only non-embeddable in R?, but any attempt at such an embedding gives
“antipodal points” which map to the same element. A stronger version of Sarkaria’s Theorem
more generally gives this conclusion under the weaker hypothesis

n—p 7r—1

d < max

KN, (F)),
~ 2y p—1 p— 1X< (F))
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but all of the applications we consider only use the case r = p. We note that one can replace the
set system F = 2"\ K throughout with the smaller set system F of inclusion-minimal elements
of 2"\ K since it is easy to show that x(K N,(F')) = x(KN,(F)), and we will implicitly use
this fact in some of our applications.

We will not say anything about the proof of Sarkaria’s Theorem and refer the reader to Ma-
tousék’s book for a thorough treatment. Instead we discuss some of the many applications of
Sarkaria’s Theorem to combinatorial problems which come in one of two forms: one can use
Sarkaria to either lower bound (K N,(F)) by constructing an embedding of an appropriate
simplicial complex into R?, or one can use instead use it to show the non-embeddability of a
simplicial complex K into R? by providing an upper bound on x (K N,(F)) for an appropriate
F. We use this first approach to give yet another proof of the Lovasz-Kneser Theorem, for
which we require a standard geometric fact. For this statement, we define the dimension of an
abstract simplicial complex K to be max{|F| — 1 : F' € K}, and we recall that an embedding
between two topological spaces T, T" is a continuous map f : T — T” such that its restriction
f:T — f(T) is a homeomorphism.

Proposition 12.2. If I is a simplicial complex of dimension at most d, then there exists an
embedding from ||K|| into R4,

For example, the d = 1 case implies that every graph can be embedded into R3.

Proof III of Lovdsz-Kneser Theorem. Recall that we wish to show that the chromatic number
of KN, = KN>((")) is at least n — 2r + 2. As noted above we have

(M) = xm ()

<r-—1

which suggests we should apply Sarkaria’s Theorem with IC = ( <[ﬂ1) and p = 2. Since K is a

complex of dimension 7 — 2, Proposition 12.2 implies ||| has an embedding into R2"=2)+! =
R?* =3, This fact implies that Sarkaria’s Theorem can not hold for K with d = 2r — 3, meaning
that

2r—=3>n—2—x(KN,,;) = x(KN,,)>n—2r+1,

which is exactly the bound we aimed to show. O]

In the reverse direction, our known upper bound for x (K N,..) allows us to show Proposition 12.2
can not be extended to give an embedding into R?*¢ in general.

Theorem 12.3 (Van Kampen-Flores). The simplicial complex K = (<Z‘J]r1) with n > 2d + 3

can not be embedded into R*!. Further, any continuous map f : || — R** has f(z) = f(y)
for some x,y with disjoint supports.

Proof. By Sarkaria’s Theorem applied with p = 2, it suffices to prove 2d < n—2—x (K N( (>[§i2) ),
or equivalently -

X(KN(( i )))gn—z—zd:n—z(d+2)+2.

d+2
And indeed, the coloring we discussed in the Borsuk-Ulam chapter for the Kneser graph K'N,,.42
shows this inequality holds whenever n > 2(d + 2) — 1 = 2d + 3, giving the result. O
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In particular, the d = 1 case of this says ([<5]2) can not be embedded in the plane, which is
equivalent to saying the graph K3 is not planar. One can similarly prove K33 is not planar.

Proposition 12.4. The graph Ks3 is not planar.

Proof. Let K be the simplicial complex with vertices uq, us, us, v1, v9,v3 and all 1-dimensional
faces uw;v; for 1 < 7,5 < 3. The proposition statement is equivalent to proving K does not embed
into R2. By Sarkaria’s Theorem applied with p = 2 it suffices to show 2 < 4 — (K N(F)) where
F is the 2-uniform hypergraph with all edges of the form u;u; and v;v;. This Kneser graph
K N(F) is 2-colorable, namely by giving each u,;u; edge color 1 and each v;v; edge color 2 since
no disjoint edges are given the same color. It follows that we can apply Sarkaria’s Theorem,
giving the result. O]

We note that both these proofs of non-planarity are rigorous assuming Sarkaria’s Theorem,
while in most undergraduate graph theory classes the proofs are not rigorous.

The results up to this point have used Sarkaria’s Theorem with p = 2, which roughly corre-
sponds to the usage of the Borsuk-Ulam Theorem. We now consider larger values of p to give
refinements of Tverberg’s Theorem from discrete geometry.

Theorem 12.5 (Topological Tverberg Theorem). Ifp is a prime and if o is an N -dimensional
simplex with N > (p — 1)(d + 1), then for any continuous map f : o — R® there exists
T1,...,x, € o with disjoint supports and f(x1) =--- = f(x,).

This result implies Tverberg’s Theorem for r = p. Indeed, let vy,...,vny; € R? be distinct
points and take oV to be the convex hull of the standard basis vectors ey, ..., exy € RVFL
We can then define the continuous map f which sends the point ) . \e; € oV to DA € R¢,
and now if we partition {vy,...,v,} based on the disjoint supports of the x; points guaranteed
by the Topological Tverberg Theorem then their convex hulls will have f(x;) in their common
intersection. The Topological Tverberg Theorem is known to hold more generally whenever p
is a prime power, but it is surprisingly false in general for p not a prime power.

Proof. The simplex oV is a geometric realization of the abstract simplicial complex K = 2V +1],
By Sarkaria’s Theorem the result will follow provided

Nt+l-p N
< — — y(KN, =— -1
1< EEE ) = S
and this exactly holds by our hypothesis N > (p — 1)(d + 1). ]

A similar proof allows one to derive (a topological strengthening of) the Colorful Tverberg
Theorem for p prime.

Theorem 12.6 (Topological Colorful Tverberg Theorem). Let p be a prime, d > 1 an integer,
and Cy,...,Cyyq1 disjoint sets of size 2p — 1. If K is the simplicial compler with vertex set
U, Ci whose simplices are all subsets which use at most one point from each C;, then for any
continuous f : ||K|| = R there exist p points x1, ..., x, € |K|| with disjoint supports satisfying

flar) == f(ap).
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Proof. By Sarkaria it suffices to verify

(d+1)2p—-1)—p
p—1

dp

d< — X(K N, (F)) :d+]:—X(KNp(-7:))7

1
which contain at least 2 points from some C;. Motivated by this, we define a coloring of F by

giving F' € F color i if |[F'N C;| > 2. This is a proper coloring since if some F, ..., F,, were all
pairwise disjoint from each other and were given color ¢ then we would have

or equivalently x(KN,(F)) < pdTp where F is the set system on |J, C; consisting of all sets

p
Cin | Fil =) ICin Fy| > 2p,

j=1
a contradiction to |C;| = 2p — 1. This implies

D dp
N (F)) < 1< T
X(KN,(F)) < d+ Sdt T =T

proving the result. O]

12.3 Independence Complexes

There are many natural simplicial complexes one can associate to a combinatorial object. For
example, given a graph G we define Z(G) to be the collection of independent sets of GG, which
is a simplicial complex because every subset of an independent set is also an independent set.
It turns out that the topological properties of Z(G) play nicely with the notion of independent
transversals. Given a partition Vi,...,V,, of V(G), an independent transversal with respect to
this partition is an independent set I € Z(G) which contains exactly one vertex from each V;.

We first show how to use topological techniques to find independent transversals in graphs, after
which we consider combinatorial consequences of these results. Throughout this subsection we
let V(K) denote the set of vertices of the simplicial complex /C.

12.3.1 Finding Independent Transversals

Let G be a graph and Vi,...,V,, a partition of its vertices. From the simplicial complex
perspective, this partition Vi,...,V}, corresponds to a coloring of the vertices Z(G) (i.e. a
coloring of V(G)) where u € V(G) is given color i € [m] if and only if u € V;. In this language,
an independent transversal is exactly a rainbow face F' € Z(G) of size m, where by rainbow we
mean that each color from [m| appears on exactly 1 vertex from F. Motivated by this, we want
to establish general results for when a vertex-colored simplicial complex K contains a rainbow
face. One famous result of this form is Sperner’s Lemma, which is a combinatorial statement
result which is equivalent to both Brower’s Fixed Point Theorem and the KKM Theorem.
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Informally, the usual version of Sperner’s Lemma says that if 7 is a triangulation of the standard
n-simplex ¢” (which roughly means 7 is a geometric simplicial complex with ||7|| = ¢™) and if
¥ is a coloring of the vertices V(7) with the colors [n + 1] such that for each I C [n+ 1], every
vertex x of T with « € o} has ¢(x) € I, then T has a rainbow face, i.e. some n-dimensional
o' € T such that each vertex receives a distinct color from [n + 1]. We will state a version of
this which is slightly more convenient to use for our main application.

We say a simplicial complex IC is d-pure if every maximal face of I has dimension d, and in
general we let K¢ denote the set of d-dimensional faces of K. If K is d-pure, then we define the
boundary OK to be the simplicial complex whose set of maximal faces equals

{(Fl'|F'|=d, {FeK*: FFCF} =1 mod 2}.

Theorem 12.7 (Alternative Sperner’s Lemma). Let V = {x1,...,2,}, and assume for each
C C [m] that there exists a (|C| — 1)-pure simplicial complex Be such that By = {0}, By =
{x;,0}, and every |C| > 1 has

0Bc=  |J  Be

crce, |cr=|ol-1

If ¢ - V(Byn)) — [m] is a coloring with the property that each x € V(Bpy,) and C C [m] with
x € V(Be) has ¥(x) € C, then there exists some (m — 1)-dimensional face F' € By, such that
each vertex receives a distinct color from .

The proof of this is a cute inductive argument which further shows that By, has an odd number
of rainbow (m — 1)-dimensional faces, but we omit the details here.

The independence complex Z(G) and its associated coloring by the partition Vi, ..., V,, usually
will not satisfy the particular conditions of Sperner’s Lemma. We can, however, derive a con-
sequence of Sperner’s Lemma which guarantees the existence of rainbow faces in more general
colored simplicial complexes provided they satisfy certain topological conditions. Notably, our
conditions rely on the notion of connectedness, which is a common parameter to consider for
topological methods.

In general we say a topological space T is c-connected if for all =1 < d < ¢, every continuous map
f: 8% — T from the d-dimensional sphere can be extended to a continuous map f’: Bt — T
from the (d + 1)-dimensional ball, meaning that f’ agrees with f on the boundary 0Bt = S
In other words this says that 7" has no “d-dimensional holes” for all d < ¢, in the sense that
any supposed hole given by f can be filled in. We emphasize S~! = () and B is a single-point,
so (—1)-connected means 7' is non-empty. We say a simplicial complex K is c-connected if || ||
is c-connected.

One can alternatively define connectedness for simplicial complexes in an essentially equivalent
combinatorial way which can be easier to work with. The high level idea is to replace the usage
of S with any simplicial complex S which represents a triangulation of S¢, and similarly we
replace B! with a simplicial complex B which has S as its boundary.

With this in mind, we say a simplicial complex S is a d-dimensional simplicial sphere if S is
d-pure and 0S = (). For example, if S is a 1-pure simplicial complex then it is essentially a
graph and 0S8 is the set of vertices of odd degree of this graph, so S is a simplicial sphere if
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and only if every vertex has even degree. We say a map f : V(K) — V(K') from the vertex
sets of two simplicial complexes is simplicial if the image of every face of C under f is a face of
K'; this is the analog of continuous maps for simplicial complexes. We say a simplicial complex
K is c-connected if for every —1 < d < ¢ and every simplicial map f : V(S) — V(K) with S
a d-pure simplicial sphere there exists a (d + 1)-pure simplicial complex B with 0B = S and a
simplicial map f": V(B) — V(K) with f'|ys) = f.

Theorem 12.8. Let K be a simplicial complex with vertex set V and ¢ : V — [m] an arbitrary
map. For each C C [m], let Ko denote the collection of faces F' € K with ¢(F) C C, i.e. these
are the faces which are colored by C. If K¢ is (|C| — 2)-connected for every C C [m], then there
ezists a face F' € KC with |F| = m which is rainbow, meaning |¢(F)| = |F| = m.
Proof Sketch. Our goal will be to construct complexes B¢ as in Sperner’s Lemma together with a
simplicial map f : V(Bp,) — V(K). Such a map naturally induces a coloring 1 : V(By,) — [m]
by having 1¥(x) = ¢(f(x)), and our aim is for this coloring v to satisfy the conditions of Sperner’s
Lemma, meaning that if x € V(B¢) then ¢(f(x)) € C.

We build the B¢ as well as f restricted to each Be by induction on |C|. For the base case of
|IC| =1, welet V = {x1,...,2,,} be an arbitrary set and take By;y = {x;,0}. for all i. We also
need to define f(x;) € V(K) to be such that ¢(f(x;)) € {i}, or in other words f(z;) € V(Kyy).
This latter set is non-empty by hypothesis of K;; being —1-connected, so we take f(z;) to be
an arbitrary vertex in this set.

Assume that we have constructed our complexes Bor and f restricted to these vertices up to some
set C. It is not difficult to check that S := Ueico (orj=g-1 Ber defines a (|C| — 2)-dimensional
sphere. Since we have inductively defined f on S in such a way that f(S) C K¢, by assumption
on the connectivity of K¢ there exists a complex Bo with 0B = § = UC,QC’ ream a1 Ber
together with an extension of f to V(B¢) which maintains that it is a simplicial map to K¢,
giving the inductive step of the construction.

In total, Sperner’s Lemma applied to the Be complexes and the coloring 9 : V/(Bjy)) — [m]
defined by ¢(x) = ¢(f(r)) guarantees a (m — 1)-dimensional face B of By such that each
vertex of B receives a distinct color from 1. The map v giving distinct colors is only possible if
f is injective on B and if each of the m vertices of f(B) receives a distinct color from ¢. Since
f is simplicial, we have that f(B) is an (m — 1)-dimensional face of K which is rainbow with
respect to ¢, giving the result. O

Since we will only use Theorem 12.8 in the context of finding independent transversals in graphs,
we introduce notation to make its applications somewhat simpler to state. For any non-empty
graph G, we define’ 7(G) := ¢+ 2 where c is the largest integer such that Z(G) is c-connected.
By abuse of notation we take n(G) = oo if Z(G) is c-connected for all ¢, and we take n(G) =0
if G is empty. In this way, Theorem 12.8 can be restated as follows.

Corollary 12.9. If G is a graph and if V1, ..., V,, is a partition of its vertex set such that for
all C C [m] we have N(G[U,cc Vil) = |C|, then G contains an independent transversal with
respect to Vi, ..., V.

4n the literature the notation 7(Z(G)) is used instead of 7(G) with n(K) more generally defined for any
simplicial complex .
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In order to use Corollary 12.9, we need to establish results relating the combinatorial properties
of G to the connectedness of Z(G). We begin with small examples showcasing the extremal
ranges for 7).

Lemma 12.10. Let G be a graph.
(a) If G is non-empty then n(G) > 0.
(b) If G has an isolated vertex then n(G) = oc.

Proof. Part (a) follows from Z(G) being non-empty, which means Z(G) is —1-connected and
hence n(G) > —1+2=1.

For (b), let v denote the isolated vertex of G. For those familiar with topology, the high-level
explanation for n(Z(G)) = oo is that Z(G) is contractible as can be seen by establishing an
appropriate deformation to {v}. However, it is easier to prove this using the more combinatorial
notion of connectivity.

To this end, fix any d > 0, a d-pure simplicial sphere S, and simplicial map f : V(S) — V(G).
Define a new (d + 1)-pure simplicial complex B by having

B={0USU{FU{z}: F €S},

where x is any new vertex not already in S. By using the assumption dS = (), one can check
that OB = S. Finally, we define f’ : V/(B) — V(G) by having f'(y) = f(y) for y € V(S) and
f'(z) = v. One can check that f’ is simplicial, essentially because I U {v} is independent in G
for every I € Z(G) since v is isolated. This establishes that Z(G) is c-connected for all ¢, and
hence that n(G) = cc. O

Perhaps the most powerful tool for establishing bounds on 7(G) is the following.

Theorem 12.11 (Meshulam’s Theorem). For any graph G and uwv € E(G), we have
n(G) 2 min{n(G —wv), (G — N(u) = N(v)) + 1}.

Sketch of Proof. Most proofs in the literature go through Mayer—Vietoris sequences from alge-
braic topology. We give a sketch of a combinatorial proof, mostly as a way to motivate the
peculiar hypothesis of the theorem.

The statement is equivalent to showing that if Z(G—uw) is c-connected and if Z(G—N (u)— N (v))
is (¢ — 1)-connected, then Z(G) is c-connected. The ¢ = —1 case is trivial, so we consider ¢ > 0
from now on. Let f : V(S) — V(G) be a simplicial map with respect to Z(G) from a d-pure
simplicial sphere § with d < ¢. This is also a simplicial map with respect to Z(G — uv), and
by the assumption that Z(G — uv) is c-connected there exists a (d 4+ 1)-pure complex B with
OB = § and an extension of f’ of f to B which is simplicial with respect to Z(G — uv). We
choose such a B, f’' such that f'(B) = {u,v} for as few B € B as possible. If no such B exists
then f’ is simplicial with respect to Z(G), giving the result. As such we can assume there exists
some B with f(B) = {u,v} and we choose such a B with |B| as large as possible.

136



If |B| = d+ 2 (the largest possible size it can be in B), then we define a new complex B’
by removing all faces from B which contain B and add a new vertex x together with all
sets {B" U {z} : B C B}. We then define f” on B’ by having f”(x) equal any vertex of
G — N(u) — N(v), which exists since Z(G — N(u) — N (v)) is c-connected with ¢ > —1 and hence
non-empty, and otherwise f” equals f’. One can check that f” is a simplicial map (since by
definition any y in a face with = has f”(y) € {u,v} not adjacent to f”(x)) which extends f,
that OB’ = OB = S, and that B’ has strictly fewer faces than B with image equal to {u,v}, a
contradiction to how we chose B, f'.

We may thus assume |B| < d+1, i.e. that B is not a maximal face of the (d+ 1)-pure complex
C. We can then define a link complex £ ={L\ B: L € B, B C L} which, if one is a bit more
careful in our choice of B, can be assumed to be a (d — | B| + 1)-pure simplicial sphere. We note
that f'(V(L£)) can not contain any neighbor of u,v in G — uw since for any L\ B € L we have
that f'(L) is an independent set of G — uv which contains f'(B) = {u,v} since f’ is simplicial
with respect to G — uv. We also have that f'(V (L)) can not contain u or v, as otherwise there
would be some face of B which strictly contains B with image {u,v}, a contradiction to the
maximality of B.

It total we have that f’ restricted to £ is a simplicial mapping to Z(G — N (u) — N (v)). It follows
from Z(G — N(u) — N(v)) being (¢ — 1)-connected with ¢ —1 > d — |B| + 1 since d < ¢ and
|B| > 2 by virtue of f'(B) = {u,v} that we can extend the mapping f’ of £ to a map f” of a
ball B’ with boundary equal to £ such that f” is simplicial with respect to Z(G — N (u) — N (v)).
One can then use B’ to alter B in such a way that we have strictly fewer faces with image equal
to {u,v}, again giving a contradiction. O

One can use Mechulam’s Theorem to derive bounds on 7(G) in terms of combinatorial param-
eters satisfying certain conditions.

Proposition 12.12. Let f be a function from graphs to R U {oc} satisfying the following
properties:

(i) f(G) =0 if G is the empty graph with no vertices or edges.
(i) f(G) = oo if G has an isolated vertex.

(iii) For all non-empty graphs G without isolated vertices, there exists an edge uv € E(G) with
f(G) £ f(G—wv) and f(G) < f(G = N(u) = N(v)) + 1.

Then n(G) > f(G) for all graphs G.

Proof. We prove the result by induction on e(G). If e(G) = 0 then either G is empty and
n(G) = f(G) = 0 or G has an isolated vertex and 7(G) = f(G) = oo by Lemma 12.10. As such,
we can assume we have proven the result up to some e(G) > 0. If G has an isolated vertex
then again 1n(G) = f(G) = oo, so we can assume G has no isolated vertices. Taking the edge
uv € E(G) guaranteed by our assumption on f, we find by Meshulam’s Theorem and induction
that

n(G) = min{n(G—uv), n(G—N(u)=N(v))+1} = min{f(G—uv), f(G=N(u)=N©)+1} > f(G).
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proving the result. O]

One rich class of functions satisfying the conditions of Proposition 12.12 come from domination
parameters. For example, we say a set of edges E C F(G) is an edge dominating set of G if
every vertex of GG is adjacent to a vertex in an edge of F, and we let 7.(G) denote the smallest
number of edges in an edge dominating set of G. We adopt the convention that v.(G) = oo
if no edge dominating set exists (which is equivalent to G having an isolated vertex) and that
Ye(G) = 0 if G is the empty graph.

Corollary 12.13. We have n(G) > 7.(G) for every graph G.

Proof. 1t suffices to verify . satisfies the conditions of Proposition 12.12. The first two condi-
tions are trivial; we aim to show the last condition holds for any choice of uv € E(G). Indeed,
Ye(G) < 7.(G — uv) holds since any edge dominating set for G — uv is also an edge dominating
set for G, and similarly 7.(G) < 7.(G — N(u) — N(v)) + 1 since an edge dominating set for
G — N(u) — N(v) together with the edge uv is an edge dominating set for G. We conclude the
result by Proposition 12.12. O

In a similar spirit, we say a set of vertices V' C V(G) is a strong dominating set if every vertex
of G is adjacent to a vertex in V; this differs slightly from the usual notion of a (non-strong)
dominating set which allows every vertex to either be adjacent to a vertex in V or to be in V'
itself. We let v5(G) denote the minimum size of a strongly dominating set.

Corollary 12.14. For every non-empty graph G we have n(Z(G)) > 37,(G).
This result can be proven using an identical argument as above, or by using the observation

7s(G) < 27.(G) in general. Combining this with Corollary 12.9 gives our first general result on
finding independent transversals in graphs.

Theorem 12.15 (Haxell). If G is a graph and if Vi,...,V,, is a partition of V(G) with the
property that |Vi| > 2A(G) for all i, then G contains an independent transversal.

Proof. For each subset C' C [m] let G = G[|J,c Vi]. Observe that

v(Ge)
A(Go)

2A(G)|C]

> = 2|C],
with the first inequality holding for arbitrary graphs. It follows from Corollary 12.14 that
n(Ge) > |C| for all C' C [m], so Corollary 12.9 implies G has an independent transversal. [

This result is best possible, in the sense that for all A > 1 there exist graphs G with A(G) = A
and a partition Vi,...,Voa_1 of V(@) into sets of size 2A — 1 which does not contain an
independent transversal; notably this can be done by taking G to be the disjoint union of
2A — 1 copies of Ka a together with a delicate choice of partition.

We consider one final (and somewhat strange) domination parameter which lower bounds n(G).
Given a graph G, we let i(G) denote the smallest integer ¢ such that for every independent set
I € Z(G), there exists a set of vertices D C V(@) of size at most i such that every vertex in [
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has a neighbor in D; in this case we say D dominates I. We let i(G) = oo if no such (smallest)
integer 7 exists, which is equivalent to GG having an isolated vertex. As an example, if G is
bipartite, then i(G) = 1 if and only if G is complete bipartite.

Lemma 12.16. We have n(G) > i(G) for every graph G.

Proof. We aim to use Proposition 12.12, for which the first two properties are straightforward.
The last property, however, requires us to be somewhat careful in our choice of edge uv.

Let G be a non-empty graph without isolated vertices and let I be any independent for which
every D C V(G) which dominates I has |D| > i(G); such an independent set I must exist
by definition of i(G). Let u € I be arbitrary. Because G has no isolated vertices, u has some
neighbor v. We aim to show (iii) of Proposition 12.12 holds with respect to the edge uwv.

First note that i(G) < i(G — uv) (regardless of the choices of edge uv) since any independent
set of G is also an independent set in G — uv, and any D which dominates a set in G — uwv also
dominates this set in G. Finally, consider the set I\ N(v), which is an (independent) subset of
V(G — N(u) — N(v)) since u has no neighbors in /. Let D be a set in G — N(u) — N(v) which
dominates I \ N(v). In this case, D U {v} dominates [ in G, which means |D| + 1 > i(G).
It follows that every set dominating I \ N(v) in G has size at least i(G) — 1, which means
i(G—N(u)— N(v)) > i(G)—1. It follows that the conditions of Proposition 12.12 are satisfied,
giving the result. O]

This result is particularly useful for graphs with additional structure.
Corollary 12.17. If G is a graph which does not contain K ,41 as an induced subgraph, then

n(G) > Q(G),

r

where a(G) denotes the largest size of an independent set of G.

Proof. Let I € Z(G) be an independent set of size a(G) and let D be any set which dominates
I. Observe that each vertex v € D can be adjacent to at most r vertices of I, as otherwise this
would create an induced K ,41 in G. As such,

o> U _ &)
or

r

From this it follows that i(G) > a(G)/r, and hence that n(G) > «(G)/r by Lemma 12.16. [

12.3.2 Using Independent Transversals

We now use the existence of independent transversals guaranteed by our topological machinery
to prove results seemingly unrelated to independent transversals.

We begin with results on graph colorings. Recall for a graph G and function L : V(G) — 2V
that a proper L-coloring of G is a function ¢ : V(G) — N such that ¢(v) € L(v) for all v. That
is, we think of L(v) as being the “allowed” set of colors which we can use for v. To see how
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this relates to independent transversals, we construct an auxilliary graph (G, L) whose vertex
set equals U,cv(c), cerw (W €) where (u,c) ~@) (v,c) if uu’ € E(G) and ¢ = ¢. Note that
(G, L) is naturally partitioned by the sets V,, = {(u,c) : ¢ € L(u)}, and moreover a proper
L-coloring of G exactly corresponds to an independent transversal of (G, L) with respect to
this partition (i.e. a proper L-coloring assigns exactly one color to each vertex u in such a way
that no vertices with the same color are adjacent in GG). From this we immediately derive the
following by applying Theorem 12.15 to (G, L).

Theorem 12.18. If G is a graph and L : V(G) — N satisfies |L(u)| > 2A(G, L) for all
u € V(Q), then there exists a proper L-coloring of G.

Another notion of coloring related to independent transversals is that of strong colorings. We
say that a graph G is strongly t-colorable if for any partition Vi,...,V,, of V(G) into parts
with at most t vertices each, there exists a proper coloring of G such that no two vertices in
any common V; set are given the same color; we refer to such a coloring as a strong t-coloring.
Equivalently, GG is strongly t-colorable if G unioned with any disjoint union of cliques of size at
most ¢ is t-colorable.

Observe that if each V; has size exactly ¢ then a strong ¢-coloring is equivalent to a partition of
V(@) into independent transversals. As such, we can only hope to prove the existence of strong
t-colorings under circumstances where we can already3 guarantee at least one independent
transversal, such as in Theorem 12.15. It turns out that a slightly stronger hypothesis suffices
to obtain the corresponding partitioning result.

Theorem 12.19. FEvery graph G is strongly 3A(G)-colorable.

Sketch of Proof. Let Vi,...,V,, be a partition of V(G) into parts of size at most 3A(G), and
possibly by adding isolated vertices to G we may assume |V;| = 3A(G) for all i. Let ¢ be
a partial strong 3A(G)-coloring, meaning that ¢ : V(G) — [3A(G)] U {o} has ¢(u) # ¢(v)
whenever ¢(u) # o and either uv € E(G) or u,v € V; for some ¢ (that is, we put no conditions
on u given the non-color o). Choose a maximal ¢ of this form, meaning ¢(u) = o for as few
u € V(G) as possible. If every ¢ € [BA(G)] has ¢ € ¢(V;) for all i € [m] then ¢ is a strong
3A(G)-coloring, proving the result. Thus for the sake of contradiction we can assume there is
some ¢ € [3A(G)] such that M :={i: c € ¢(V;)} C [m].

The high-level idea will be to find an independent transversal I of G and assign each vertex of
I color c. For this to remain a strong coloring, we need to change any u; € V; already given
colored ¢ to some other color. The simplest solution is to give each u; the color of the vertex
v; € I N'V;, as this will maintain that each color from [3A(G)] is used by at most one vertex
from each V; set. The problem now is that the u; may be given the same color as one of its
neighbors, violating the properness of the coloring. Crucially, there are at most A(G) colors
which u; can be assigned which cause this problem, or equivalently there are at most A(G)
choices for v; € V; which cause this problem. By removing these at most A(G) bad choices
from V; before choosing I, we will be able to implement this plan successfully.

With all this in mind, for each i € M let u; € V; be the unique vertex with ¢(u;) = ¢ and
define C; = {¢p(v) : v € N(u;)} \ {o} as well as V/ = {v € V; : ¢(v) ¢ C;}. Observe that

)

|Cs] < |N(u;)| < A(G) and hence |V}| > |Vi| — A(G)| > 2A(G) since by definition there is at
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most one vertex in V; with a given color from C; C [3A(G)]. For each i ¢ M we also define

V!=V,.

Letting G’ be the subgraph of G induced by the V; vertices, we have |V/| > 2A(G) > 2A(G)
for all 7, so by Theorem 12.15 there exists an independent transversal I of G’, say with v; the
unique vertex in I N'V/. Define a new coloring ¢’ of G’ by having ¢/(v;) = ¢ for all ¢, by having
&' (u;) = ¢(v;) for all i € M, and by having ¢'(v) = ¢(v) for all other v.

With a little case analysis one can verify ¢’ is a partial strong 3A(G)-coloring with m —| M| > 0
fewer vertices assigned color o compared to ¢. This contradicts the maximality of ¢, proving
the result.

]

This argument is due to Aharoni, Berger, and Ziv based on a more complex argument of Haxell
who proves every graph is (3A(G) — 1)-strongly colorable. This remains the best general bound
for the problem (though there exist better bounds for “large” graphs), with the strong coloring
conjecture predicting that every graph is 2A(G)-strongly colorable.

The last applications we consider are to matchings in hypergraphs, which can be viewed as
independent sets of particular graphs. Indeed, given any hypergraph H (possibly with repeated
edges), we define the link graph Ly to be the graph with vertex set E(H) where two edges
e, f € E(H) are adjacent in Ly if and only if e N f #£ ().

Note that matchings in H are exactly independent sets in Ly. Because matchings are inde-
pendent sets of a restricted class of graphs, one can hope to say more about them compared to
generic independent sets. In particular, we observe the following.

Lemma 12.20. If H is a hypergraph where every edge has size at most r, then Ly does not
contain K ,41 as an induced subgraph. Consequently,
v(H)

Ly) >
n(Lg) > —

where v(H) denotes the largest size of a matching in H.

Proof. The second part follows from Corollary 12.17. The first part is equivalent to saying that
if e1,...,e.11 are pairwise disjoint edges of H, then there does not exist an edge e intersecting
all of them, and this is true because |e| < r and the e; are pairwise disjoint. O

To use Lemma 12.20 towards finding independent transversals, we need to consider hypergraphs
which have a natural partition of their edges. For example, we say a hypergraph H is bipartite if
there exists an ordered partition (A, B) of its vertex set such that [eNA| = 1 for every e € E(H),
and in this case we say (A, B) is a bipartition of H. In this setting, one can naturally partition
E(H) intosets V, ={e € E(H):enNA={a}} for each a € A.

In the setting of bipartite graphs, the most famous matching result is Hall’s Theorem, which says
that there exists a matching covering all of A provided each neighborhood N(A’) with A" C A
has large cardinality. In the hypergraph setting, the right generalization of “neighborhood”
turns out to be a sort of link hypergraph, and the right generalization of “cardinality” is the
matching number of this link.

141



For this and the rest of the section, given a hypergraph H with bipartition (A, B), we define
for each A’ C A the hypergraph® H(A’) which has vertex set B and edge set

E(HA)) ={e\A :e€ H, en A"+ 0}.

We view H(A’) as a hypergraph with repeated edges where each edge ¢’ € E(H(A')) appears
with multiplicity equal to the number of @ € A" such that ¢’ U {a} € F(H). Doing this gives a
natural partition of E(H(A)) = V(Lya)) by defining for each a € A the set V, = {¢’ € E(H') :
¢ U{a} € E(H)}; note that each copy of a repeated edge appears in exactly one V, set.

Theorem 12.21 (Weak Topological Hall Theorem). If H is a hypergraph with bipartition
(A, B) such that every edge has size at most r and is such that for every A’ C A we have
v(H(AY) > (r—1)(|A'| — 1)+ 1, then H contains a matching of size |A|.

Note that this matching of size | A| necessarily covers all of A by definition of H having (A, B)
as a bipartition.

Proof. For any A" C A we have

v(H(A))

> [A'] -1
_1 | | Y

(L a)l U Vo) = n(Lyan) >

acA’

with this second to last step using Lemma 12.20 and that each edge of H has size at most r
and hence each edge of H(A’) has size at most 7. Since 1 takes values in N U {oo} we must in
fact have n(Lga)[Ugen Va)) = |A] for all A" € A. Tt follows from Corollary 12.9 that Lga)
contains an independent transversal, say with e, € V, for each a € A. It follows that the edges
e, U{a} of H form a matching of size |A|, proving the result. O

After Hall’s Theorem, perhaps the most famous matching result for bipartite graphs is Konig’s
Theorem, which says that every bipartite graph has 7(G) = v(G). A famous conjecture of
Ryser proposes a generalization of this to r-partite r-graphs, which are hypergraphs H with a
partition V7, ..., V, of its vertex set such that every edge intersects each V; in exactly 1 vertex.

Conjecture 12.22 (Ryser). Every r-partite r-graph H has 7(H) < (r — 1)v(H).

This bound is known to be best possible whenever » — 1 is a prime power, and when r = 2 this
conjecture recovers Konig’s Theorem. The conjecture is wide open, except in the case r = 3
which was proven by Aharoni using topological methods.

The key idea in Aharoni’s proof is that if H has a 3-partition with A, B,C, then H is in
particular bipartite with parts A, BUC'". This allows us to use many of the same ideas as in the
Weak Topological Hall Theorem. The main nuance compared with our previous approach is that

we are not looking for a matching of size |A| corresponding to a full independent transversal
of Lpa), but rather a matching of size %T(H ) which corresponds to a “partial independent

transvesal.” To find such objects we require a defect version of Theorem 12.8.

®Note that H(A’) can be viewed as the union of the links of H at each v € A’, and in the literature this
family is sometimes referred to as the link of A’, but this conflicts with our earlier definition of the term.
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Theorem 12.23. Let K be a simplicial complex with vertex set V and ¢ : V' — [m] an arbitrary
map. For each C C [m], let Ko denote the collection of faces F' € K with ¢(F) C C, i.e. these
are the faces which are colored by C. If d > 0 is an integer such that for every C' C [m], we
have that K¢ is (|C| — d — 2)-connected, then there exists a face F' € K with |F| = m — d which
is rainbow, meaning |¢(F)| = |F| =m — d.

We will accept this result without proof. Theorem 12.23 implies a natural analog of Corol-
lary 12.9 about partial independent transversals; we omit writing the formal statement and
proceed to our main theorem.

Theorem 12.24. Every 3-partite 3-graph H has 7(H) < 2v(H).

Proof. Let A, B,C be a 3-partition of H, and observe that H is in particular bipartite with
bipartition (A, BUC).

The idea of the proof is to show v(H) > +7(H) using Theorem 12.23. For this it will suffice to
show for any A’ C A that n(H(4")) > |A'|—(|A|—37(H)), which in view of Lemma 12.20 means
it suffices to show v(H(A")) > 2|A'|—2|A|+7(H). Crucially, because H is 3-partite, the 2-graph
H(A’) will be bipartite with bipartition B, C, so Konig’s Theorem implies v(H(A")) = 7(H(A"))
and hence after it suffices to show 7(H(A")) > 2|A’| — 2|A| + 7(H). In fact, an even stronger
inequality holds.

Claim 12.25. For all A" C A we have T(H(A")) > |A'| — |A| + 7(H)

Proof. Let T'C BUC be a transversal of the multigraph H(A’). We claim that TU (A \ A') is
a transversal of H. Indeed, this trivially intersects any edge of H which intersects A\ A’, and
every other edge by definition contains an edge of H(A’) and hence a vertex of T'. By taking T’
to be a transversal of size 7(H(A’)) we in total find that 7(H) < 7(H(A’)) +|A| — |A’|, proving
the result. O

As noted above, H(A') is a bipartite graph so the claim implies v(H(A")) > |A'| — |A| + 7(H)
and in particular that v(H(A")) > 2|A’| — 2|A| + 7(H) since |A'| < |A|. Following this logic
along yields n(Lpa)[U,en Val) = |A'| = (JA| — 17(H)), so by Theorem 12.23 there exists a
independent set of Lp(4) intersecting at least %T(H ) of the V, sets. This in turn yields a
matching of H of size at least $7(H), proving v(H) > 37(H) as desired. O

12.4 Other Complexes

We briefly survey other examples of simplicial complexes one can associate with combinatorial
problems to solve them using topological methods.

Somewhat analogous to the independence complex of a graph, we define the neighborhood
complex N(G) = {N C V(G) : Jv € V(G), N C N(G)}. Again the connectivity of this

complex plays well with the combinatorial properties of G.

Theorem 12.26 (Lovész). If N(G) is c-connected, then x(G) > ¢ + 3.
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For example, it is straightforward to see that N(G) is O-connected if and only if G is not
bipartite. This result was how the Lovasz-Kneser Theorem was originally proven. It can also
be used to prove that certain generalized Mycielskian graphs have large chromatic numbers; this
result was later shown by Miiller and Stehlik to be equivalent to the Borsuk-Ulam Theorem,
showing that some amount of topological ideas are needed for this purely combinatorial problem.

A related but more opaque simplicial complex is the boz compler B(G) of a graph G. The
vertex set of this complex is V(G) x {1, —1} which we think of as two disjoint copies of V(G),
and the faces are all sets AU B with A C V(G) x {1} and B C V(G) x {—1} such that
A, B induce a complete bipartite graph in G with parts A, B and for technical reasons we also
require each of A, B to have at least one common neighbor in G (this is automatic if A, B # ()
so only is needed if, say, B = (}). The box complex has the benefit of a natural “antipodal”
operation, namely by sending (v, ) to (v, —i), which can sometimes make B(G) nicer to work
with. Indeed, one of the main proofs of Theorem 12.26 goes by first proving an analog of this
for the box complex and then using this to recover Theorem 12.26.

One can consider simplicial complexes associated to combinatorial objects other than graphs, as
well as use topological properties other than connectivity. For example, any function of the form
f:{0,1}" — {0,1} is said to be a Boolean function and the function is said to be monotone
decreasing if f(z) < f(y) whenever z; > y; for all i (that is, changing 0’s to 1’s can only make
the output of f less likely to be a 1). For such a function we can naturally define a simplicial
complex K = {supp(z) : x € {0,1}", f(x) = 1} where supp(z) is the set of ¢ with z; = 1, and
we note that f being monotone decreasing guarantees that this is indeed a simplicial complex.
It turns out that ||/Cs|| being non-contractible implies that the function f is “evasive”, which
very roughly means that there exists no non-trivial decision tree for determining f(x) based
on the values of x;. This was used by Kahn, Saks, and Sturtevant to show that the analog of
non-trivial monotone graph properties for graphs of order n are evasive whenever n is a power
of a prime.

12.5 Exercises

1. Prove that if F is a set system and if F’ is the set of all inclusion-minimal elements of F

then x (K N,.(F)) = x(KN,(F")) for all r [1+].
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Part IV

Bonus Topics
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13 Designs

TODO

14 Linear Programming

TODO

15 Harris Kleitman Inequality

This will be covered in the probabilistic method class and hence not be written up.

16 Spreadness and Spread Approximations

TODO

17 Incidence Problems

TODO

18 Geometric Constructions and Extremal Combinatorics

Borsuk’s construction and maybe also Ramsey-Turan for K4 showing the back and forth between
extremal and geometry giving back to each other.

19 Matroids

TODO

20 Exterior Powers

TODO
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